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Ⱥɣɞɚɝɭɥɨɜ Ɋ.Ɋ. Эɮɮɟɤɬɢɜɧɨɫɬɶ ɜɵɱɢɫɥɟɧɢɣ ɩɪɢ ɭɦɧɨɠɟɧɢɢ ɦɚɬɪɢɰ. ȼɜɨɞɢɬɫɹ ɩɨɧɹɬɢɹ 
ɮɢɥɶɬɪɨɜаɧɧɨɝɨ ɢ ɝɪаɞɭɢɪɨɜаɧɧɨɝɨ ɜɵɱɢɫɥɟɧɢɣ. ɉɨɫɥɟɞɧɢɣ мɟɬɨɞ ɛɨɥɟɟ ɷɮɮɟкɬɢɜɟɧ ɜ ɫɢɥɭ 
ɩɨɥɧɨцɟɧɧɨɝɨ ɢɫɩɨɥɶɡɨɜаɧɢɹ ɩɪɨмɟɠɭɬɨɱɧɵɯ ɜɵɱɢɫɥɟɧɢɣ. ɋɸɞа ɨɬɧɨɫɢɬɫɹ ɜɵɱɢɫɥɟɧɢɟ 
ɩɪɨɢɡɜɟɞɟɧɢɹ ɛɨɥɶɲɢɯ ɱɢɫɟɥ ɩɪɟɨɛɪаɡɨɜаɧɢɟм Ɏɭɪɶɟ. ɉɨка ɧɟ ɫɭɳɟɫɬɜɭɟɬ ɬакɨɝɨ мɟɬɨɞа 
ɩɪɢ ɭмɧɨɠɟɧɢɢ (ɢ ɨɛɪаɳɟɧɢɢ) маɬɪɢц ɛɨɥɶɲɢɯ ɩɨɪɹɞкɨɜ. Ɂɞɟɫɶ ɫɬɪɨɢɬɫɹ ɬакɨɣ мɟɬɨɞ 
ɢɫɩɨɥɶɡɭɹ ɝɪаɞɭɢɪɨɜкɢ ɛɢɝɪɭɩɩɨɜɨɣ аɥɝɟɛɪɵ. 
 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ:  ɮɢɥɶɬɪɨɜаɧɧɨɟ ɢ ɝɪаɞɭɢɪɨɜаɧɧɨɟ ɜɵɱɢɫɥɟɧɢɟ, ɝɪаɞɭɢɪɨɜкɢ ɛɢɝɪɭɩɩɨɜɨɣ 
аɥɝɟɛɪɵ. 

ȼɜɟɞɟɧɢɟ 

ɑɢɬая ɤɧɢɝɢ Ɋɨɞɠɟɪа ɉɟɧɪɨɭɡа Д1,βЖ, 
ɩɪɢɯɨɞɢɲɶ ɤ ɦɧɟɧɢɸ (ɬɟɡɢɫɭ), чɬɨ ɜɫя 
ɦɵɫɥɢɬɟɥɶɧая ɞɟяɬɟɥɶɧɨɫɬɶ чɟɥɨɜɟɤа ɫɜɨɞɢɬɫя ɤ 
ɜɵчɢɫɥɟɧɢɸ. Ɉɬɤɪɵɬɢɟ ɧɨɜɵɯ ɡаɤɨɧɨɜ ɫɭɬɶ 
ɧɨɜɵɯ аɥɝɨɪɢɬɦɨɜ ɜɵчɢɫɥɟɧɢя ɛɭɞɭщɟɝɨ (чɬɨ 
ɛɭɞɟɬ, ɟɫɥɢ ɬɨ-ɬɨ?)  ɉɪаɜɞа, ɫаɦ ɉɟɧɪɨɭɡ ɜ ДβЖ 
ɩɪɢɯɨɞɢɬ ɤ ɩɪɨɬɢɜɨɩɨɥɨɠɧɨɦɭ ɦɧɟɧɢɸ, а 
ɢɦɟɧɧɨ, чɬɨ ɪɨɛɨɬ ɦɨɠɟɬ ɬɨɥɶɤɨ ɜɵчɢɫɥяɬɶ ɢ 
ɧɢɤɨɝɞа ɧɟ ɧаɭчɢɬɫя ɦɵɫɥɢɬɶ (ɤаɤ чɟɥɨɜɟɤ).  Ɉɧ 
ɩɵɬаɥɫя ɨɛɨɫɧɨɜаɬɶ ɫɜɨɟ ɦɧɟɧɢɟ ɬɟɨɪɟɦɨɣ 
Гёɞɟɥя ɨ ɧɟɩɨɥɧɨɬɟ. Ɉɞɧаɤɨ,  ɩɨ ɜɫɟɣ ɜɢɞɢɦɨɫɬɢ,  
ɨɧ ɧɟ чɢɬаɥ ɞɨɤаɡаɬɟɥɶɫɬɜа ɷɬɨɣ ɬɟɨɪɟɦɵ, ɞаɠɟ ɜ 

ɮɨɪɦɭɥɢɪɨɜɤɟ ɫаɦɨɣ ɬɟɨɪɟɦɵ ɨɧ ɭɩɭɫɤаɟɬ 
ɢɫɬɢɧɧɨɫɬɶ ɬɨɥɶɤɨ ɩɪɢ ɭɫɥɨɜɢɢ 
ɧɟɩɪɨɬɢɜɨɪɟчɢɜɨɫɬɢ. ɉɪаɜɢɥɶɧɨɟ ɩɨɧɢɦаɧɢɟ 
ɷɬɨɣ ɬɟɨɪɟɦɵ ɩɪɢɯɨɞɢɬ, ɤɨɝɞа ɜɧɢɤɧɟɲɶ ɜ 
ɞɨɤаɡаɬɟɥɶɫɬɜɨ, ɤаɤ ɩɢɲɭɬ ɜ ДγЖ - The proof of the 

pudding is in the eating.  ɋаɦɨ Гёɞɟɥɟɜɫɤɨɟ 
ɢɫɬɢɧɧɨɟ ɢ ɧɟ ɞɨɤаɡɭɟɦɨɟ ɩɪɟɞɥɨɠɟɧɢɟ ɟɫɬɶ 
«ɗɬɨ ɩɪɟɞɥɨɠɟɧɢɟ ɧɟ ɞɨɤаɡɭɟɦɨ», 
ɫɮɨɪɦɭɥɢɪɨɜаɧɧɨɟ ɧа яɡɵɤɟ ɬɟɨɪɢɢ ɢ ɧɟ ɧɟɫɭщɟɟ 
ɧɢɤаɤɨɣ ɢɧɮɨɪɦаɰɢɢ.  

Ɉɫɧɨɜɧɨɟ ɨɬɥɢчɢɟ чɟɥɨɜɟɤа ɜ ɫаɦɨɨɛɭчɟɧɢɢ 
ɢ ɫаɦɨɩɨɥаɝаɧɢɢ ɰɟɥɟɣ ɜɵчɢɫɥɟɧɢя ɜ ɯɨɞɟ 
ɜɵчɢɫɥɟɧɢя. ɉɟɪɜɨɟ ɪаɡɜɢɜаɟɬɫя ɢ ɭ ɪɨɛɨɬɨɜ, 
ɯɨɬя ɟщё ɞаɥɟɤɨ ɨɬ ɭɪɨɜɧя ɜɨɡɦɨɠɧɨɫɬɟɣ 
чɟɥɨɜɟɤа.  ȼɬɨɪɨɟ ɫаɦ чɟɥɨɜɟɤ ɧɟ ɞɨɩɭɫɬɢɬ ɞɥя 
ɪɨɛɨɬɨɜ, ɢɧачɟ ɨɧɢ ɩɪɢɞɭɬ ɤ ɦɵɫɥɢ, чɬɨ ɞɥя ɧɢɯ 
ɥɭчɲɟ ɭɧɢчɬɨɠаɬɶ ɥɸɞɟɣ, ɬɪаɬɢɜɲɢɯ ɪɟɫɭɪɫɵ 
ɩɥаɧɟɬɵ ɧɟɷɮɮɟɤɬɢɜɧɨ.  

ɉɨɧяɬɢɟ ɜɵчɢɫɥɟɧɢɣ ɩɨɧɢɦаɟɬɫя ɜ 
ɲɢɪɨɤɨɦ ɫɦɵɫɥɟ, ɤаɤ ɜɵчɢɫɥɟɧɢя ɧа ɦаɲɢɧаɯ 
Ɍɶɸɪɢɧɝа. Ɏɨɪɦаɥɢɡаɰɢя ɜɵчɢɫɥɢɦɨɫɬɢ, 
ɜɜɟɞёɧɧая Ɍɶɸɪɢɧɝɨɦ, ɛɵɥа ɧɟ ɩɟɪɜɨɣ (ɩɨɫɥɟ 
ɑёɪча ɢ ɉɨɫɬа).  ɋɟɣчаɫ ɢɦɟɸɬɫя ɞɟɫяɬɤɢ ɜɢɞɨɜ 
ɮɨɪɦаɥɢɡаɰɢɣ ɜɵчɢɫɥɢɦɨɫɬɢ. Ⱥɜɬɨɪ ɬаɤɠɟ 
ɩɪɢɥɨɠɢɥ ɪɭɤɭ ɤ ɷɬɨɦɭ Д4Ж, ɜɜɨɞя ɩɨɧяɬɢɟ 
ɬаɛɥɢчɧɨɣ ɜɵчɢɫɥɢɦɨɫɬɢ, ɧɟɫɤɨɥɶɤɨ ɪаɫɲɢɪɢɜ 
ɜɵчɢɫɥɢɦɨɫɬɶ ɜ ɫɟɬяɯ ɉɟɬɪɢ.  ɏɨɬя ɜɫɟ 
ɜɵчɢɫɥɢɦɨɫɬɢ ɨɩɪɟɞɟɥяɸɬ ɨɞɢɧаɤɨɜɵɣ ɤɥаɫɫ 

ɜɵчɢɫɥɢɦɵɯ ɮɭɧɤɰɢɣ ɫɨɝɥаɫɧɨ ɬɟɡɢɫɭ ɑёɪча, 
ɨɧɢ ɪаɡɥɢчаɸɬɫя ɭɞɨɛɫɬɜɨɦ ɜ ɢɫɩɨɥɶɡɨɜаɧɢɢ 
ɪɟɲɟɧɢя ɬɟɯ ɢɥɢ ɢɧɵɯ ɡаɞач. Ɍаɛɥɢчɧая 
ɜɵчɢɫɥɢɦɨɫɬɶ ɨɩɪɟɞɟɥяɟɬɫя ɬаɛɥɢɰɟɣ ɩɨɪяɞɤа ݉ × ݊ ɢɡ ɰɟɥɵɯ чɢɫɟɥ (ɦɨɠɧɨ ɨɝɪаɧɢчɢɬɶɫя 
ɬɨɥɶɤɨ ɬɪɟɦя ɡɧачɟɧɢяɦɢ: 1, 0, -1). ɋɬɨɥɛɰɵ 
ɬаɛɥɢɰɵ ɭɫɥɨɜɧɨ ɦɨɠɧɨ ɪаɡɞɟɥɢɬɶ ɧа ɬɪɢ 
ɤаɬɟɝɨɪɢɢ  (݊ = ݊ଵ + ݊ଶ + ݊ଷሻ ɞɥя ɜɵчɢɫɥɟɧɢя 
ɮɭɧɤɰɢɢ ݂: ܼ+మ → ܼ+భ. Ɂаɞаɜ ɜɯɨɞɧɵɟ ɞаɧɧɵɟ 
ɜɵчɢɫɥɢɦɨɣ ɮɭɧɤɰɢɢ ɜ ɜɢɞɟ ɫɬɪɨɤɢ, ɝɞɟ ɫɬɨяɬ 
ɧɭɥɢ ɧа ɩɟɪɜɵɯ ݊ଵ (ɜɵɯɨɞɧɵɯ) ɢ ɩɨɫɥɟɞɧɢɯ ݊ଷ 

(ɜɫɩɨɦɨɝаɬɟɥɶɧɵɯ) ɩɨɡɢɰɢяɯ, ɨɩɪɟɞɟɥяɟɦ 
ɜɵчɢɫɥɟɧɢɟ ɩɨ ɬаɛɥɢɰɟ ɫɥɟɞɭɸщɢɦ ɨɛɪаɡɨɦ: ɤ 
ɜɵчɢɫɥяɟɦɨɣ ɫɬɪɨɤɟ ɩɪɢɛаɜɥяɟɦ ɩɟɪɜɭɸ ɬаɤɭɸ 
ɫɬɪɨɤɭ ɢɡ ɬаɛɥɢɰɵ, чɬɨ ɫɭɦɦа яɜɥяɟɬɫя ɫɬɪɨɤɨɣ 
ɢɡ чɢɫɟɥ ܼ+. ȼɵчɢɫɥɟɧɢɟ ɨɫɬаɧаɜɥɢɜаɟɬɫя, ɟɫɥɢ 
ɧɟ ɧаɣɞёɬɫя ɬаɤɨɣ ɫɬɪɨɤɢ. ȿɫɥɢ ɩɨɫɥɟ ɨɫɬаɧɨɜɤɢ 
ɜ ɜɵчɢɫɥяɟɦɨɣ ɫɬɪɨɤɟ ɛɭɞɭɬ ɫɬɨяɬɶ ɬɨɥɶɤɨ ɧɭɥɢ 
ɩɨɫɥɟ ɩɟɪɜɵɯ ݊ଵ ɩɨɡɢɰɢɣ, ɬɨ ɩɟɪɜɵɟ ݊ଵ ɩɨɡɢɰɢɣ 
ɨɩɪɟɞɟɥяɸɬ ɡɧачɟɧɢɟ ɜɵчɢɫɥяɟɦɨɣ ɮɭɧɤɰɢɢ ɩɪɢ 
ɡаɞаɧɧɵɯ ɜɯɨɞɧɵɯ ɡɧачɟɧɢяɯ аɪɝɭɦɟɧɬɨɜ.  ɑɬɨɛɵ  
ɜɵчɢɫɥɟɧɢɟ ɨɫɬаɧаɜɥɢɜаɥɨɫɶ ɯɨɬя ɛɵ ɩɪɢ 
ɧɟɤɨɬɨɪɵɯ ɜɯɨɞɧɵɯ ɡɧачɟɧɢяɯ ɮɭɧɤɰɢɢ, 
ɨɝɪаɧɢчɢɦɫя ɬаɛɥɢɰаɦɢ, ɭ ɤɨɬɨɪɵɯ ɧɟɬ ɫɬɪɨɤɢ, 
ɫɨɫɬɨящɟɣ ɰɟɥɢɤɨɦ ɢɡ ɧɟɨɬɪɢɰаɬɟɥɶɧɵɯ чɢɫɟɥ. 
Ⱦɥя ɥɸɛɨɣ ɜɵчɢɫɥɢɦɨɣ ɮɭɧɤɰɢɢ, ɩɪɢɧɢɦаɸщɟɣ 
ɧɭɥɟɜɨɟ ɡɧачɟɧɢɟ (ɜɫɟ ɜɵɯɨɞɧɵɟ ɩɨɡɢɰɢɢ – ɧɭɥɢ) 
ɩɪɢ ɧɭɥɟɜɨɦ ɜɯɨɞɟ, ɢɦɟɟɬɫя ɬаɛɥɢɰа, 
ɜɵчɢɫɥяɸщая ɷɬɭ ɮɭɧɤɰɢɸ. Ʌɸɛая ɫɬɪɨɤа ɢɡ 
ɰɟɥɵɯ чɢɫɟɥ ɦɨɠɟɬ ɛɵɬɶ ɡаɞаɧа ɨɞɧɨɡɧачɧɨ 
ɪаɰɢɨɧаɥɶɧɵɦ чɢɫɥɨɦ: ሺܽଵ, ܽଶ, … , ܽሻ → ݎ = �ଵభ�ଶమ …� . 

 ɋɨɨɬɜɟɬɫɬɜɟɧɧɨ, ɬаɛɥɢчɧɭɸ ɜɵчɢɫɥɢɦɨɫɬɶ 
ɦɨɠɧɨ ɩɟɪɟɮɨɪɦɭɥɢɪɨɜаɬɶ ɤаɤ ɭɦɧɨɠɟɧɢɟ 
ɜɵчɢɫɥяɟɦɨɝɨ ɧаɬɭɪаɥɶɧɨɝɨ чɢɫɥа ɧа ɩɟɪɜɨɟ 
ɬаɤɨɟ ɪаɰɢɨɧаɥɶɧɨɟ чɢɫɥɨ ɢɡ ݎଵ, ,ଶݎ … ,  , чɬɨݎ
ɪɟɡɭɥɶɬаɬ ɭɦɧɨɠɟɧɢя – ɰɟɥɨɟ. ɋɨɜɦɟɫɬɢɜ 
ɜɯɨɞɧɨɣ ɢ ɜɵɯɨɞɧɵɟ ɫɬɨɥɛɰɵ ɜ ɬаɛɥɢɰɟ ɮɭɧɤɰɢɢ 
ɜɵчɢɫɥɟɧɢя ɫɥɟɞɭɸщɟɝɨ ɩɪɨɫɬɨɝɨ чɢɫɥа, Ʉɨɧɜɟɣ 
ɨɩɪɟɞɟɥɢɥ ɦɧɨɠɟɫɬɜɨ ɩɪɨɫɬɵɯ чɢɫɟɥ ɤаɤ 
ɦɧɨɠɟɫɬɜɨ чɢɫɟɥ, яɜɥяɸщɢɯɫя ɫɬɟɩɟɧяɦɢ ɞɜɨɣɤɢ 
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ɜ ɜɵчɢɫɥɟɧɢяɯ ɫ ɭɦɧɨɠɟɧɢяɦɢ ɧа ɪаɰɢɨɧаɥɶɧɵɟ 
чɢɫɥа ɢɡ ɧаɛɨɪа 14 ɪаɰɢɨɧаɥɶɧɵɯ чɢɫɟɥ. Ɂа ɫчɟɬ 
ɪаɫɲɢɪɟɧɢя ɜɵчɢɫɥɢɦɨɫɬɢ ɜ ɫɟɬяɯ ɉɟɬɪɢ ɞɨ 
ɬаɛɥɢчɧɨɣ ɜɵчɢɫɥɢɦɨɫɬɢ, аɜɬɨɪɭ ɭɞаɥɨɫɶ 
ɫɨɤɪаɬɢɬɶ ɧаɛɨɪ ɞɨ 9 ɪаɰɢɨɧаɥɶɧɵɯ чɢɫɟɥ: 

ݎ  = ଷହ , ଷହଵ଼ , ଵହଵ଼ , ହହଷଽ , ଵଷ , ଶ ,  , ଽଵଷ , ͳͺͻ.  
Ɍаɤɢɦ ɨɛɪаɡɨɦ, ɧа ɜɯɨɞ ɩɨɞаёɬɫя чɢɫɥɨ ܰ = ʹ ɢ ɜɵчɢɫɥяɟɬɫя ɤаɠɞɨɟ ɫɥɟɞɭɸщɟɟ ܰ+ଵ 

ɤаɤ ܰݎ, ɝɞɟ j –ɦɢɧɢɦаɥɶɧɵɣ ɧɨɦɟɪ, ɞɥя 
ɤɨɬɨɪɨɝɨ ɭɤаɡаɧɧɨɟ ɜɵɪаɠɟɧɢɟ ܰ+ଵ = ܰݎ  – 

ɰɟɥɨɟ. ȼɫɟ чɢɫɥа ɢɡ ɩɨɫɥɟɞɨɜаɬɟɥɶɧɨɫɬɢ ܰ, 
яɜɥяɸщɢɟɫя ɫɬɟɩɟɧяɦɢ ɞɜɨɣɤɢ ʹ௫ೕ  ሺݔଵ > ͳሻ, 
ɛɭɞɭɬ ɩɪɨɫɬɵɦɢ, ɢ ɬаɤ ɩɨɥɭчаɬɫя ɜɫɟ ɩɪɨɫɬɵɟ 
чɢɫɥа ɜ ɩɨɪяɞɤɟ ɪɨɫɬа.  

ɍɥɭчɲɟɧɢɟ аɥɝɨɪɢɬɦа Ʉɨɧɜɟя ɧɟ ɛɵɥɨ 
ɰɟɥɶɸ ɭɤаɡаɧɧɨɣ ɫɬаɬɶɢ аɜɬɨɪа.  Ɉɫɧɨɜɧɵɦ 
ɦɨɬɢɜɨɦ ɛɵɥɨ ɨɛɪащɟɧɢɟ ɜɧɢɦаɧɢя ɧа ɭɞɨɛɫɬɜа 
аɧаɥɢɡа ɬаɛɥɢɰ ɧа ɪаɡɪɟɲɢɦɨɫɬɶ ɪаɡɧɨɝɨ ɪɨɞа 
ɩɪɨɛɥɟɦ. ȼ чаɫɬɧɨɫɬɢ, ɟɫɥɢ ɛɵ аɦɟɪɢɤаɧɫɤɢɣ 
ɦаɬɟɦаɬɢɤ Ⱦɷɜɢɫ ɡɧаɥ ɬаɛɥɢчɧɭɸ ɜɵчɢɫɥɢɦɨɫɬɶ, 
ɬɨ ɨɧ ɛɵ ɨɩɟɪɟɞɢɥ Ɇаɬɢяɫɟɜɢча ɜ ɪɟɲɟɧɢɢ 
ɞɟɫяɬɨɣ ɩɪɨɛɥɟɦɵ Гɢɥɶɛɟɪɬа. Ⱦɷɜɢɫɭ ɨɫɬаɥɨɫɶ 
ɩɨɫɬɪɨɢɬɶ ɬɨɥɶɤɨ ɷɤɫɩɨɧɟɧɰɢаɥɶɧɨ ɪаɫɬɭщɟɟ 
ɞɢɨɮаɧɬɨɜɨ ɦɧɨɠɟɫɬɜɨ, чɬɨ ɞɟɥаɟɬɫя ɥɟɝɤɨ ɫ 
ɩɨɧяɬɢɟɦ ɬаɛɥɢчɧɨɣ ɜɵчɢɫɥɢɦɨɫɬɢ. Ⱦɪɭɝɨɟ 
ɩɪɟɢɦɭщɟɫɬɜɨ ɬаɤɨɝɨ ɩɨɧяɬɢя ɡаɤɥɸчаɟɬɫя ɜ 
ɮɨɪɦɢɪɨɜаɧɢɢ ɦаɫɫɨɜɨɝɨ ɩаɪаɥɥɟɥɢɡɦа ɜ 

ɜɵчɢɫɥɟɧɢяɯ. ȼ ɫɨɜɪɟɦɟɧɧɵɯ ɩɪɨɰɟɫɫɨɪаɯ nvidia 

5 ɦɢɥɥɢаɪɞɨɜ ɥɨɝɢчɟɫɤɢɯ ɷɥɟɦɟɧɬɨɜ ɢ 1βГɛаɣɬ 
(ɨɤɨɥɨ 100 ɦɢɥɥɢаɪɞɨɜ ɛɢɬɨɜ) ɩаɦяɬɢ. ɉɪɢ 
ɩɨɦɨщɢ ɬаɛɥɢчɧɨɣ ɜɵчɢɫɥɢɦɨɫɬɢ ɦɨɠɧɨ 
ɩɨɫɬɪɨɢɬɶ ɩɪɨɰɟɫɫɨɪɵ, ɪаɛɨɬаɸщɢɟ ɧа 
ɦɢɥɥɢаɪɞаɯ ɛɢɬаɯ ɩаɪаɥɥɟɥɶɧɨ. Ɍаɤɨɣ ɩɪɨɰɟɫɫɨɪ 
ɧɟ ɛɭɞɟɬ ɭɫɬɭɩаɬɶ ɩɪɨɰɟɫɫɨɪɭ ɫ ɤɜаɧɬɨɜɵɦ 
ɜɵчɢɫɥɟɧɢɟɦ.  ȼɵчɢɫɥɟɧɢɟ ɫɭɦɦɵ n-ɛɢɬɧɨɝɨ 
чɢɫɥа ɛɭɞɟɬ ɜɵɩɨɥɧяɬɶɫя ɧɟ ɡа n ɨɩɟɪаɰɢɣ, а 
ɬɨɥɶɤɨ ɡа O(log(n)) ɨɩɟɪаɰɢɣ (ɬаɤɬɨɜ), 
ɭɦɧɨɠɟɧɢɟ n-ɛɢɬɧɵɯ чɢɫɟɥ ɛɭɞɟɬ ɜɵɩɨɥɧяɬɶɫя 
ɧɟ ɡа O(n log(n) log log(n)) ɨɩɟɪаɰɢɣ, а ɡа ܱሺlogଶ݊ሻ ɨɩɟɪаɰɢɣ (ɬаɤɬɨɜ). ɇɢɠɟ ɩɪɨяɫɧɢɬɫя 
ɬɟɡɢɫ ɨ ɫɜɨɞɢɦɨɫɬɢ ɥɸɛɨɝɨ ɜɵчɢɫɥɟɧɢя ɤ 
ɭɦɧɨɠɟɧɢɸ  ɦаɬɪɢɰ ɧа ɤɨɦɩɶɸɬɟɪɟ ɫ ɦаɫɫɨɜɵɦ 
ɩаɪаɥɥɟɥɢɡɦɨɦ. ɋɟɣчаɫ ɪɨɥɶ ɦаɫɫɨɜɨɝɨ 
ɩаɪаɥɥɟɥɢɡɦа ɜ ɜɵчɢɫɥɟɧɢяɯ ɢɝɪаɸɬ 
ɫɭɩɟɪɤɨɦɩɶɸɬɟɪɵ ɫ ɧɟ ɛɨɥɟɟ ɦɢɥɥɢɨɧа 
ɩаɪаɥɥɟɥɶɧɨ ɪаɛɨɬаɸщɢɦɢ ɭɧɢɜɟɪɫаɥɶɧɵɦɢ 
ɩɪɨɰɟɫɫɨɪаɦɢ. ɉɨɷɬɨɦɭ ɨɧɢ ɦɟɧɟɟ ɷɮɮɟɤɬɢɜɧɵ, 
чɟɦ ɨɞɢɧ ɩɪɨɰɟɫɫɨɪ ɫ ɦаɫɫɨɜɵɦ ɩаɪаɥɥɟɥɢɡɦɨɦ 
ɧа ɦɢɥɥɢаɪɞаɯ ɛɢɬɨɜ. Ʉ ɬɨɦɭ ɠɟ, ɤɨɝɞа 
ɜɵчɢɫɥɟɧɢя ɩɟɪɟɞаёɲɶ чɭɠɨɦɭ 
ɫɭɩɟɪɤɨɦɩɶɸɬɟɪɭ ɢɥɢ ɨɛɥачɧɨɦɭ ɜɵчɢɫɥɟɧɢɸ, 
ɧɟɨɛɯɨɞɢɦɨ ɡаɲɢɮɪɨɜаɬɶ ɜɵчɢɫɥɟɧɢя 
ɝɨɦɨɦɨɪɮɧɵɦ ɨɛɪаɡɨɦ, ɬ.ɟ. ɜɵɞаɜаɬɶ ɧа 
ɜɵчɢɫɥɟɧɢɟ ɧɟ ɢɫɯɨɞɧɨɟ ɩɪɨɢɡɜɟɞɟɧɢɟ ɦаɬɪɢɰ, а 
ɩɪɨɢɡɜɟɞɟɧɢɟ ɦаɬɪɢɰ, ɩɨɥɭчɟɧɧɵɯ 
ɬɪаɧɫɮɨɪɦаɰɢɟɣ ɧɟɤɨɬɨɪɨɝɨ аɜɬɨɦɨɪɮɢɡɦа. 
ɉɨɫɥɟ ɝɪаɞɭɢɪɨɜɤɢ ɫɬаɧɟɬ яɫɧɵɦ ɧаɞɟɠɧɨɫɬɶ 

ɬаɤɨɣ ɲɢɮɪɨɜɤɢ ɡа ɫчёɬ ɛɨɥɶɲɨɝɨ ɦɧɨɝɨɨɛɪаɡɢя 
аɜɬɨɦɨɪɮɢɡɦɨɜ. ɗɬɢɦ ɦɨɠɧɨ ɨɛɨɫɧɨɜаɬɶ 
ɬɪɟɛɨɜаɧɢɟ ɷɮɮɟɤɬɢɜɧɨɫɬɢ ɜɵчɢɫɥɟɧɢɣ ɩɪɢ 
ɭɦɧɨɠɟɧɢɢ ɛɨɥɶɲɢɯ ɦаɬɪɢɰ. 
 

Ɏɢɥɶɬɪɨɜɚɧɧɵɟ ɢ ɝɪɚɞɭɢɪɨɜɚɧɧɵɟ  
ɜɵɱɢɫɥɟɧɢɹ 

ȼɵчɢɫɥɟɧɢя ɫ ɛɨɥɶɲɢɦ ɤɨɥɢчɟɫɬɜɨɦ 
ɞаɧɧɵɯ (ɪаɡɦɟɪɧɨɫɬɢ) ɫɜɨɞяɬ ɤ ɦɧɨɠɟɫɬɜɭ 
ɜɵчɢɫɥɟɧɢɣ ɫ ɦаɥɵɦɢ ɤɨɥɢчɟɫɬɜаɦɢ. Ɉɞɧɢɦ ɢɡ 
ɫɩɨɫɨɛɨɜ ɬаɤɨɝɨ ɫɜɟɞɟɧɢя яɜɥяɟɬɫя 
ɮɢɥɶɬɪɨɜаɧɢɟ, ɤɨɝɞа ɪаɡɛɢɟɧɢɟ ɪаɡɦɟɪɧɨɫɬɢ 
ɡаɞачɢ ɧа ɦɟɥɤɢɟ ɫɨɫɬаɜɥяɸщɢɟ ɫɜɨɞɢɬɫя ɤ 
ɜɟɬɜɥɟɧɢɸ ɧа ɞɟɪɟɜɟ, ɤаɤ ɜɢɞɧɨ ɧа ɪɢɫɭɧɤɟ 1. 

  

 

  

Ɋɢɫɭɧɨɤ 1 – ȼɟɬɜɥɟɧɢɟ ɧа ɞɟɪɟɜɟ 

ȼɵчɢɫɥɟɧɢя ɧачɢɧаɸɬɫя ɫ ɧɢɠɧɢɯ 
ɥɢɫɬɶɟɜ, ɩɨɬɨɦ ɩɟɪɟɞаɸɬɫя ɜɟɪɯɧɟɦɭ ɭɪɨɜɧɸ ɢ 
ɫɥɢɜаɸɬɫя ɢ ɬ.ɞ. ɞɨ ɫаɦɨɝɨ ɜɟɪɯɧɟɝɨ ɭɪɨɜɧя ɢ 
ɜɫɟɨɛщɟɝɨ ɫɥɢɜаɧɢя. ɗɬɨ ɯɨɪɨɲɨ ɨɩɢɫаɧɨ ɜ 
ɦɟɬɨɞɟ ɫɨɪɬɢɪɨɜɤɢ ɫɥɢяɧɢɟɦ. Ɉɛщɟɢɡɜɟɫɬɧая 
ɦаɫɬɟɪ-ɬɟɨɪɟɦа ɨɬɧɨɫɢɬɫя ɤ ɨɰɟɧɤɟ ɫɥɨɠɧɨɫɬɢ 
ɜɵчɢɫɥɟɧɢя ɩɪɢ ɜɵчɢɫɥɟɧɢɢ ɦɟɬɨɞɨɦ 
ɮɢɥɶɬɪаɰɢɢ (ɧɟ ɨɛяɡаɬɟɥɶɧɨ ɛɢɧаɪɧɵɦ ɞɟɪɟɜɨɦ).   
ɉɪɢ ɭɦɧɨɠɟɧɢɢ ɛɨɥɶɲɢɯ чɢɫɟɥ (ɢɥɢ ɩɪɢ 
ɭɦɧɨɠɟɧɢɢ ɫ ɛɨɥɶɲɨɣ ɬɨчɧɨɫɬɶɸ) ɤ ɷɬɨɦɭ 
ɦɟɬɨɞɭ ɨɬɧɨɫɢɬɫя аɥɝɨɪɢɬɦ Ʉаɪаɰɭɛɵ, ɩɪɢ 
ɭɦɧɨɠɟɧɢɢ ɦаɬɪɢɰ ɟɝɨ аɧаɥɨɝ – аɥɝɨɪɢɬɦ 
ɒɬɪаɫɫɟɧа Д5Ж.  

ɉɨɞ ɝɪаɞɭɢɪɨɜаɧɧɵɦ ɜɵчɢɫɥɟɧɢɟɦ ɡɞɟɫɶ 
ɩɨɧɢɦаɟɬɫя ɜɵчɢɫɥɟɧɢɟ ɩɨ ɫɯɟɦɟ, ɤɨɝɞа 
ɪɟɡɭɥɶɬаɬɵ ɩɪɨɦɟɠɭɬɨчɧɵɯ ɜɵчɢɫɥɟɧɢɣ  
ɩɟɪɟɞаɸɬɫя ɜɨ ɜɫɟ ɩɪɨɞɨɥɠɟɧɢя ɝɪаɞɭɢɪɨɜɤɢ ɩɨ 
ɫɯɟɦɟ ɢɡ ɪɢɫɭɧɤа β. 

 

 

 

 

Ɋɢɫɭɧɨɤ β – ɋɯɟɦа ɝɪаɞɭɢɪɨɜɤɢ 

Ɂа ɫчёɬ ɛɨɥɟɟ ɲɢɪɨɤɨɝɨ ɢɫɩɨɥɶɡɨɜаɧɢя 
ɩɪɨɦɟɠɭɬɨчɧɵɯ ɜɵчɢɫɥɟɧɢɣ ɩɨɜɬɨɪɵ ɜ 
ɜɵчɢɫɥɟɧɢяɯ ɦɢɧɢɦɢɡɢɪɭɸɬɫя ɢ ɞɨɫɬɢɝаɟɬɫя 
ɛɨɥɶɲая ɷɮɮɟɤɬɢɜɧɨɫɬɶ, чɟɦ ɩɪɢ ɮɢɥɶɬɪɨɜаɧɧɨɦ 
ɜɵчɢɫɥɟɧɢɢ. Ʉ ɷɬɨɦɭ ɦɟɬɨɞɭ ɦɨɠɧɨ ɨɬɧɟɫɬɢ 
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ɫɨɪɬɢɪɨɜɤɭ чɟɪɟɡ ɜɵчɢɫɥɟɧɢя ɡɧачɟɧɢɣ (ɧɨɦɟɪɨɜ 
ящɢɤɨɜ), ɤɨɝɞа ɫɨɪɬɢɪɭɟɦɵɟ чɢɫɥа ɜɧачаɥɟ 
ɪаɡɛɢɜаɸɬɫя ɧа ящɢɤɢ ɩɨ ɡɧачɟɧɢяɦ ɢɯ ɪаɡɪяɞɨɜ, 
ɩɨɬɨɦ ɧа ящɢɤɢ ɩɨ ɦаɧɬɢɫɫɟ. ɉɟɪɜɵɣ ɩɭɧɤɬ 
ɜɵчɢɫɥɟɧɢɣ ɦɨɠɧɨ ɩɪɨɩɭɫɬɢɬɶ, ɟɫɥɢ ɡɧачɟɧɢя 
ɫɨɪɬɢɪɭɟɦɵɯ яɜɥяɸɬɫя ɜɟɥɢчɢɧаɦɢ ɩɪɢɦɟɪɧɨ 
ɨɞɧɨɝɨ ɩɨɪяɞɤа. Ɂа ܱሺ݊ሻ ɫɪаɜɧɟɧɢɣ ɧаɯɨɞɢɦ 
ɦɢɧɢɦаɥɶɧɨɟ ɢ ɦаɤɫɢɦаɥɶɧɨɟ ɡɧачɟɧɢɟ ɫɪɟɞɢ ݊ 

ɫɪаɜɧɢɜаɟɦɵɯ ɜɟɥɢчɢɧ. Ⱦаɥɟɟ ɩɨ ɩɟɪɜɵɦ ݈ ɛɢɬаɦ 
ɡɧачɟɧɢɣ ɰɟɥɵɯ ɜɟɥɢчɢɧ [ ௫−௫௫�ೣ−௫ ʹ] 
ɪаɫɩɪɟɞɟɥяɟɦ ɢɯ ɜ ʹ ящɢɤɨɜ. ɉɪɢ  ɪаɜɧɨɦɟɪɧɨɦ 
ɪаɫɩɪɟɞɟɥɟɧɢɢ ɩɟɪɟɦɟɧɧɵɯ, ɛɟɪя ɜɟɥɢчɢɧɭ ݈ = ܿ + logሺ݊ሻ , ܿ = ͳ,ʹ,͵, ɦɵ ɭɠɟ ɩɨɥɭчɢɦ 
ɩɨɥɧɨɟ ɭɩɨɪяɞɨчɟɧɢɟ.  Ʉɨɝɞа ɜɟɥɢчɢɧɵ ݔ 
ɪаɫɩɪɟɞɟɥɟɧɵ ɧɟɪаɜɧɨɦɟɪɧɨ,  ящɢɤɢ ɫ 
ɤɨɥɢчɟɫɬɜɨɦ ɩɨɩаɜɲɢɯ ɬɭɞа ɜɟɥɢчɢɧ ɛɨɥɟɟ ɞɜɭɯ 
ɨɩяɬɶ ɪаɡɛɢɜаɟɦ ɧа ящɢɤɢ.  Ʉɨɥɢчɟɫɬɜɨ ɬаɤɢɯ 
ɩɨɜɬɨɪɟɧɢɣ ɧɟ ɩɪɟɜɨɫɯɨɞɢɬ � , ݈ ≈ logሺ݊ሻ, ɝɞɟ  ܮ – 

ɞɥɢɧа ɡаɞаɜаɟɦɨɣ ɬɨчɧɨɫɬɢ ɩɟɪɟɦɟɧɧɵɯ. Ɍаɤɢɦ 
ɨɛɪаɡɨɦ, ɨɛщɟɟ ɤɨɥɢчɟɫɬɜɨ ɨɩɟɪаɰɢɣ ɫɪаɜɧɟɧɢя 
ɛɭɞɟɬ ܱሺ݊ �l୭g ሻ, ɜɵчɢɫɥɟɧɢɣ ɧɨɦɟɪɨɜ ܱሺ݊ሻ.  
ȿɫɥɢ ɫчɢɬаɬɶ ɜ ɛɢɬɨɜɵɯ ɫɪаɜɧɟɧɢяɯ, ɛɭɞɟɬ ܱሺ݊ܮሻ, ɜ ɬɨ ɜɪɟɦя ɤаɤ ɨɛщɟɟ ɤɨɥɢчɟɫɬɜɨ ɛɢɬɨɜɵɯ 
ɫɪаɜɧɟɧɢɣ ɜ ɦɟɬɨɞɟ ɫɨɪɬɢɪɨɜɤɢ ɫɥɢяɧɢɟɦ ܱሺ݊ logሺ݊ሻ  ሻ.  ȼ аɧаɥɢɡɟ ɫɥɨɠɧɨɫɬɢ аɥɝɨɪɢɬɦаܮ
ɫɨɪɬɢɪɨɜɤɢ ɦɧɨɝɢɟ аɜɬɨɪɵ ɤɧɢɝ ɡаɛɵɜаɸɬ, чɬɨ 
ɫɪаɜɧɟɧɢɟ ɞɥɢɧɧɵɯ ɞаɧɧɵɯ ɧɟɥɶɡя ɫчɢɬаɬɶ, 
ɜɵɛɪаɫɵɜая ɦɧɨɠɢɬɟɥɶ ܮ, ɨɞɧɢɦ ɫɪаɜɧɟɧɢɟɦ.  

Ɇɟɬɨɞ ɝɪаɞɭɢɪɨɜɤɢ ɜɵчɢɫɥɟɧɢɣ 
ɢɫɩɨɥɶɡɭɟɬɫя ɜ аɥɝɨɪɢɬɦɟ ɭɦɧɨɠɟɧɢя ɛɨɥɶɲɢɯ 
чɢɫɟɥ ɦɟɬɨɞɨɦ Ʉɭɥɢ-Ɍɶɸɤɢ ɢɫɩɨɥɶɡɭя 
ɞɢɫɤɪɟɬɧɨɟ ɩɪɟɨɛɪаɡɨɜаɧɢɟ Ɏɭɪɶɟ. Ɍаɤɢɦ 
ɨɛɪаɡɨɦ ɞɨɫɬɢɝаɟɬɫя ɷɮɮɟɤɬɢɜɧɨɫɬɶ 
ɩɪɨɩɨɪɰɢɨɧаɥɶɧая ɨɛɴɟɦɭ ɞаɧɧɵɯ ݊ ɫ 
ɤɨɷɮɮɢɰɢɟɧɬɨɦ logሺ݊ሻ log log ሺ݊ሻ ɧа ɨɞɧɨ ɞаɧɧɨɟ.  
Ⱦɥя ɭɦɧɨɠɟɧɢя ɦаɬɪɢɰ ɦɟɬɨɞ ɝɪаɞɭɢɪɨɜɤɢ ɧɟ 
ɪаɡɪаɛɨɬаɧ ɢ ɛɭɞɟɬ ɪаɫɫɦɨɬɪɟɧ ɧɢɠɟ. 

Ɋɚɧɝ ɭɦɧɨɠɟɧɢɹ 

ɍɦɧɨɠɟɧɢɟ ɜ аɥɝɟɛɪɟ яɜɥяɟɬɫя ɛɢɥɢɧɟɣɧɨɣ 
ɨɩɟɪаɰɢɟɣ, ɞɥя ɤɨɬɨɪɨɣ ɨɩɪɟɞɟɥяɟɬɫя ɪаɧɝ ɤаɤ 
ɬаɤɨɟ ɦɢɧɢɦаɥɶɧɨɟ ɡɧачɟɧɢɟ ݎ, чɬɨ ɛɢɥɢɧɟɣɧая 
ɨɩɟɪаɰɢя ɩɪɟɞɫɬаɜɥяɟɬɫя ɜ ɜɢɞɟ: ܻܺ =∑ ݂ሺܺሻ�ሺܻሻܥ

=ଵ . 
Ɂɞɟɫɶ ݂ሺܺሻ, �ሺܻሻ – ɥɢɧɟɣɧɵɟ 

ɮɭɧɤɰɢɨɧаɥɵ,   ܥ  – ɩɨɫɬɨяɧɧɵɟ ɷɥɟɦɟɧɬɵ 
(ɦаɬɪɢɰɵ), ɧɟ ɡаɜɢɫящɢɟ ɨɬ   2n –1 ɭɦɧɨɠаɟɦɵɯ 
ɜɟɥɢчɢɧ.  ȿɫɥɢ (ɥɢɧɟɣɧɵɣ) ɛаɡɢɫ аɥɝɟɛɪɵ 
ɫɨɫɬɨɢɬ ɢɡ ݉ ɷɥɟɦɟɧɬɨɜ, ɬɨ ɢɦɟɟɬɫя  
ɮɭɧɤɰɢɨɧаɥɶɧɨ ɧɟɡаɜɢɫɢɦɵɯ ɩɨɩаɪɧɵɯ 
ɩɪɨɢɡɜɟɞɟɧɢɣ. ɋɥɟɞɨɜаɬɟɥɶɧɨ, ɪаɧɝ ɭɦɧɨɠɟɧɢя 
ɦаɬɪɢɰ ɩɨɪяɞɤа ݊ × ݊ ɧɟ ɦɟɧɶɲɟ . ɉɪɢ 
ɭɦɧɨɠɟɧɢɢ ɦɧɨɝɨчɥɟɧɨɜ ɫɬɟɩɟɧɢ ɦɟɧɶɲɟ ݉ 

чɢɫɥɨ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɪаɜɧɨ ݉ (ɛаɡɢɫ ɫɨɫɬɨɢɬ ɢɡ 

m ɷɥɟɦɟɧɬɨɜ. ɉɪɨɢɡɜɟɞɟɧɢɟ ɬаɤɢɯ ɦɧɨɝɨчɥɟɧɨɜ 
ɢɦɟɟɬ ɫɬɟɩɟɧɶ βm-β ɢ чɢɫɥɨ ɤɨɷɮɮɢɰɢɟɧɬɨɜ 
ɩɪɨɢɡɜɟɞɟɧɢя ɪаɜɧɨ βm-1. Ɋаɧɝ ɩɪɨɢɡɜɟɞɟɧɢя 
ɬаɤɢɯ ɦɧɨɝɨчɥɟɧɨɜ ɬаɤɠɟ ɪаɜɟɧ βm-1, ɢ 
ɜɵчɢɫɥяɟɬɫя ɤаɤ ɩɪɨɢɡɜɟɞɟɧɢɟ ɜ аɥɝɟɛɪɟ 
ɦɧɨɝɨчɥɟɧɨɜ, ɮаɤɬɨɪɢɡɨɜаɧɧɨɟ ɢɞɟаɥɨɦ ɫ 
ɨɛɪаɡɭɸщɢɦ ݔଶ−ଵ − ͳ.   ȼ ɧɟɤɨɦɦɭɬаɬɢɜɧɨɣ 
аɥɝɟɛɪɟ ɪаɧɝ ɭɦɧɨɠɟɧɢя, ɜɨɨɛщɟ ɝɨɜɨɪя, 
ɩɪɟɜɨɫɯɨɞɢɬ ɷɬɭ ɜɟɥɢчɢɧɭ.   ȼ Д6Ж ɪаɫɫɦɨɬɪɟɧɵ 
ɩɨчɬɢ ɜɫɟ ɦɟɬɨɞɵ ɷɮɮɟɤɬɢɜɧɨɝɨ ɜɵчɢɫɥɟɧɢя 
ɩɪɨɢɡɜɟɞɟɧɢя ɦаɬɪɢɰ. Ɉɧɢ ɫɜɨɞяɬɫя ɤ ɨɰɟɧɤɟ 
ɪаɧɝа ɭɦɧɨɠɟɧɢя ɢ ɜɵчɢɫɥɟɧɢя ɷɤɫɩɨɧɟɧɬɵ 
ɭɦɧɨɠɟɧɢя ߙ = logݎሺ݊ሻ ɞɥя аɥɝɟɛɪɵ ɦаɬɪɢɰ 
ɩɨɪяɞɤа ݊ × ݊ ɫ ɪаɧɝɨɦ ɭɦɧɨɠɟɧɢя ݎሺ݊ሻ. 
ɇаɢɥɭчɲɢɟ ɨɰɟɧɤɢ ɷɤɫɩɨɧɟɧɬɵ ɭɦɧɨɠɟɧɢя 
ɩɨɥɭчɟɧɵ ȼɢɧɨɝɪаɞɨɦ ɢ Ʉɨɩɩɟɪɫɦɢɬɨɦ ɜ Д7Ж. 
ɗɬɨɬ ɦɟɬɨɞ ɛɨɥɟɟ ɪаɡɜёɪɧɭɬɨ ɨɩɢɫаɧ ɧа ɪɭɫɫɤɨɦ 
яɡɵɤɟ ɜ Д8Ж. ɉɪɢ ɷɬɨɦ ɨɰɟɧɢɜаɟɬɫя ɪаɧɝ ɜ аɥɝɟɛɪɟ 
ɬɟɧɡɨɪɧɨɝɨ ɩɪɨɢɡɜɟɞɟɧɢя чɟɪɟɡ ɪаɧɝɢ аɥɝɟɛɪ 
ɫɨɦɧɨɠɢɬɟɥɟɣ. Ɍаɤ ɨɰɟɧɟɧɵ ɪаɧɝɢ ɩɪɨɢɡɜɟɞɟɧɢя 
ɦаɬɪɢɰ ɩɨɪяɞɤɨɜ, яɜɥяɸщɢɯɫя ɧɟɤɨɬɨɪɵɦɢ 
ɫɬɟɩɟɧяɦɢ β. ȼɢɧɨɝɪаɞɨɦ ɢ Ʉɨɩɩɟɪɫɦɢɬɨɦ 
ɩɨɥɭчɟɧа ɨɰɟɧɤа ɫ ߙ = ʹ.͵͵,  ɢ ɜ Д9Ж ɫ ɩɨɦɨщɶɸ 
ɤɨɦɩɶɸɬɟɪɨɜ ɢɯ ɠɟ ɦɟɬɨɞɨɦ ɨɰɟɧɤа ɭɬɨчɧɟɧа 
ɞɥя ɩɨɪяɞɤа ݊ = ʹ଼ = ʹͷ ɞɨ ߙ = ʹ.͵ʹͺ͵ͻ. ȼ 
ɢɯ ɦɟɬɨɞɟ ɨɰɟɧɤɢ ɪаɧɝа ɢɦɟɟɬɫя ɬаɤɨɣ ɢɡɴяɧ 
(ɧɟɞɨɫɬаɬɨɤ), чɬɨ ɷɤɫɩɨɧɟɧɬа ɭɦɧɨɠɟɧɢя ɞɥя 
ɬɟɧɡɨɪɧɨɝɨ ɩɪɨɢɡɜɟɞɟɧɢя ɩɨɥɭчаɟɬɫя ɛɨɥɶɲɟ ݈ogଶͷ ≈ ʹ.͵ʹͳͻʹͺ, ɟɫɥɢ ɷɤɫɩɨɧɟɧɬɵ ɭɦɧɨɠɟɧɢя  
ɞɥя ɫɨɦɧɨɠɢɬɟɥɟɣ ɛɨɥɶɲɟ ɷɬɨɝɨ чɢɫɥа. ɉɪɢ ɷɬɨɦ 
ɨɬɫɭɬɫɬɜɭɟɬ ɷɮɮɟɤɬɢɜɧɵɣ ɫɩɨɫɨɛ ɜɵчɢɫɥɟɧɢя 
ɡɧачɟɧɢɣ ɮɭɧɤɰɢɨɧаɥɨɜ, ɤаɤ ɩɪɢ ɩɪɟɨɛɪаɡɨɜаɧɢɢ 
Ɏɭɪɶɟ. ɗɬɨ ɩɪɢɜɨɞɢɬ ɤ ɧɟɪɟаɥɶɧɨ ɛɨɥɶɲɢɦ 
ɤɨɷɮɮɢɰɢɟɧɬаɦ ɞɥя ɤɨɥɢчɟɫɬɜа ɨɩɟɪаɰɢɣ ɩɪɢ 
ɡɧачɟɧɢяɯ ݊ < ͳͲଽ. ɉɪɢ ɛɨɥɶɲɢɯ ɡɧачɟɧɢяɯ n 

ɤɨɥɢчɟɫɬɜɨ ɨɩɟɪаɰɢɣ ɢ ɪɟɫɭɪɫɨɜ ɩаɦяɬɢ ɬаɤɨɜɵ, 
чɬɨ ɜɵчɢɫɥɟɧɢя ɧɟɜɵɩɨɥɧɢɦɵ ɞаɠɟ ɧа ɫаɦɵɯ 
ɦɨщɧɵɯ ɫɭɩɟɪɤɨɦɩɶɸɬɟɪаɯ. Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, ɧɟ 
ɢɦɟя ɷɮɮɟɤɬɢɜɧɵɣ ɫɩɨɫɨɛ ɜɵчɢɫɥɟɧɢя 
ɮɭɧɤɰɢɨɧаɥɨɜ, ɤɨɥɢчɟɫɬɜɨ ɨɩɟɪаɰɢɣ ɩɪɢ 
ɭɦɧɨɠɟɧɢɢ ɦаɬɪɢɰ ɩɨɪяɞɤɨɜ ݊ = ݉  

ɨɰɟɧɢɜаɟɬɫя ɜɟɥɢчɢɧɨɣ ݊ఈ+మೖ. ȼ ɦɟɬɨɞɟ 
ɒɬɪаɫɫɟɧа ɮɭɧɤɰɢɨɧаɥɵ ɢ ɩɨɫɬɨяɧɧɵɟ ɦаɬɪɢɰɵ 
ɛɨɥɟɟ ɪаɡɪɟɠɟɧɧɵɟ, ɢ ɤɨɥɢчɟɫɬɜɨ ɨɩɟɪаɰɢɣ ɡа 
ɫчёɬ ɷɬɨɝɨ ɩɨɥɭчаɟɬɫя ɧɟɫɤɨɥɶɤɨ ɦɟɧɶɲɟ ɷɬɨɣ 
ɨɰɟɧɤɢ. Ɉɞɧаɤɨ, ɢ ɡɞɟɫɶ ɜɵчɢɫɥɟɧɢɟ 
ɩɪɨɢɡɜɟɞɟɧɢя ɷɮɮɟɤɬɢɜɧɟɟ ɫɬаɧɞаɪɬɧɨɝɨ ɦɟɬɨɞа, 
ɧачɢɧая ɬɨɥɶɤɨ ɫ k>9 ɢ ɧɟ ɩɪɟɜɨɫɯɨɞɢɬ β ɪаɡ, 
ɩɨɤа k<14. Ⱦɥя ɥɭчɲɟɣ ɨɰɟɧɤɢ ɧа ɫɟɝɨɞɧя ɫ ߙ = ʹ.͵ʹͺ͵ͻ,݉ = ʹͷ  ɜɵчɢɫɥɟɧɢɟ 
ɩɪɨɢɡɜɟɞɟɧɢя ɷɮɮɟɤɬɢɜɧɟɟ ɬɨɥɶɤɨ ɩɪɢ  k>γ, ɢ 
ɩɪɢ ɷɬɨɦ (k4) n ɧɟ ɦɟɧɶɲɟ ɧɟ ɞɨɫɬɢɠɢɦɨɝɨ 
ɡɧачɟɧɢя ɞаɠɟ ɞɥя ɫɭɩɟɪɤɨɦɩɶɸɬɟɪɨɜ  ɫ ݊ = ʹଷଶ. 
Ȼɢɝɪɭɩɩɨɜɚɹ ɚɥɝɟɛɪɚ ɢ ɚɜɬɨɦɨɪɮɢɡɦɵ 
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ɉɭɫɬɶ ܩ – ɝɪɭɩɩа ɢ  ܭ – ɤɨɥɶɰɨ ɫ 
ɟɞɢɧɢɰɟɣ. Гɪɭɩɩɨɜая аɥɝɟɛɪа ܭሺܩሻ ɨɩɪɟɞɟɥяɟɬɫя 
ɤаɤ ɦɧɨɠɟɫɬɜɨ, ɫɨɫɬɨящɟɟ ɢɡ ɤɨɧɟчɧɵɯ ɫɭɦɦ 
ɜɢɞа  ∑݇�݃ ,  ݇� א ݃   ,ܭ א  Ɉɩɟɪаɰɢɢ  .ܩ
ɫɥɨɠɟɧɢя ɢ ɭɦɧɨɠɟɧɢя ɨɩɪɟɞɟɥяɸɬɫя 
ɟɫɬɟɫɬɜɟɧɧɵɦ ɨɛɪаɡɨɦ, ɫчɢɬая, чɬɨ ɩɪɢ 
ɭɦɧɨɠɟɧɢɢ ɤаɠɞɵɣ ɤɨɷɮɮɢɰɢɟɧɬ ɢɡ ɤɨɥɶɰа 
ɤɨɦɦɭɬɢɪɭɟɬ ɫ ɤаɠɞɵɦ ɷɥɟɦɟɧɬɨɦ ɢɡ G. Ʉɨɝɞа 
ɝɪɭɩɩа ɤɨɧɟчɧая, ɷɥɟɦɟɧɬаɦ ɝɪɭɩɩɨɜɨɣ аɥɝɟɛɪɵ 
ɫɨɨɬɜɟɬɫɬɜɭɸɬ ɦаɬɪɢɰɵ ɩɨɪяɞɤа  ݊ × ݊ 

ɞɢаɝɨɧаɥɶɧɨɝɨ ɜɢɞа, ɝɞɟ ݊ – чɢɫɥɨ ɷɥɟɦɟɧɬɨɜ 
ɝɪɭɩɩɵ.  ɂɯ яɜɧɨ ɧɟ ɞɨɫɬаɬɨчɧɨ ɞɥя 
ɩɪɟɞɫɬаɜɥɟɧɢя ɜɫɟɯ ɦаɬɪɢɰ ɩɨɪяɞɤа  ݊ × ݊.  

Ɋаɫɲɢɪяя ɝɪɭɩɩɨɜɭɸ аɥɝɟɛɪɭ ɞɨɛаɜɥɟɧɢɟɦ 
ɯаɪаɤɬɟɪɨɜ, ɩɨɥɭчаɟɦ ɛɢɝɪɭɩɩɨɜɭɸ аɥɝɟɛɪɭ, 
яɜɥяɸщɭɸɫя ɫɤɪɟщɟɧɧɵɦ ɩɪɨɢɡɜɟɞɟɧɢɟɦ 
ɝɪɭɩɩɨɜɵɯ аɥɝɟɛɪ ɝɪɭɩɩɵ ɯаɪаɤɬɟɪɨɜ ɢ ɫаɦɨɣ 
ɝɪɭɩɩɵ ɫ ɟɫɬɟɫɬɜɟɧɧɵɦ ɫɤɪɟщɢɜаɧɢɟɦ: ݃ߤ = ,ߤሺ݃ሻ݃ߤ ߤ א ,∗ܩ ݃ א , ܩ ሺ݃ሻߤ א  (1)      .∗ܭ

Ɂɞɟɫɶ ɦɵ ɢɫɯɨɞɢɦ ɢɡ ɟɫɬɟɫɬɜɟɧɧɨɝɨ 
ɩɪɟɞɫɬаɜɥɟɧɢя ɜ ɝɪɭɩɩɨɜɨɣ аɥɝɟɛɪɟ, ɤɨɝɞа ݃ߤ 

ɨɡɧачаɟɬ ɜɧачаɥɟ ɭɦɧɨɠɟɧɢɟ ɫɥɟɜа ɧа ɷɥɟɦɟɧɬ ݃: ݏ →  а ɩɨɬɨɦ ɢɡɦɟɧɟɧɢɟ ɡɧаɤа (ɭɦɧɨɠɟɧɢɟ ,ݏ݃
ɧа ɤɨɪɟɧɶ ɢɡ 1) ݏ  :ߤ →   .ݏሻݏሺߤ

Ȼɢɝɪɭɩɩɨɜая аɥɝɟɛɪа ɨɩɪɟɞɟɥяɟɬɫя ɤаɤ 
ɦɧɨɠɟɫɬɜɨ, ɫɨɫɬɨящɟɟ ɢɡ ɤɨɧɟчɧɵɯ ɫɭɦɦ ɜɢɞа    ∑݇ఓ�݃ߤ ,  ݇ఓ� א ߤ   ,ܭ א ,∗ܩ ݃ א  ɗɬа аɥɝɟɛɪа   .ܩ
ɫɬаɧɨɜɢɬɫя ɰɜɟɬɧɨɣ аɥɝɟɛɪɨɣ, ɝɞɟ ɨɞɧɨɪɨɞɧɵɟ 
ɷɥɟɦɟɧɬɵ ɢɦɟɸɬ ɜɢɞ ݇ఓ�݃ߤ.  Ʉɨɝɞа ߤ = ͳ, ݃ = ͳ, 
ɩɨɥɭчаɟɬɫя ɧɭɥɟɜɨɣ ɰɜɟɬ, ɢ ɨɧ ɩɪɢɧаɞɥɟɠɢɬ 
ɰɟɧɬɪɭ аɥɝɟɛɪɵ (ɫчɢɬаɟɦ, чɬɨ ɤɨɥɶɰɨ 
ɤɨɦɦɭɬаɬɢɜɧɨɟ).  ɇаɫ ɢɧɬɟɪɟɫɭɸɬ ɬɨɥɶɤɨ 
ɤɨɧɟчɧɵɟ аɛɟɥɟɜɵ ɝɪɭɩɩɵ  ɩɨɪяɞɤа |ܩ| = ݊. 

Гɪɭɩɩа G ɢɡɨɦɨɪɮɧа ɩɪяɦɨɣ ɫɭɦɦɟ ɰɢɤɥɢчɟɫɤɢɯ 
ɩɨɞɝɪɭɩɩ: ܩ = ܼభ⨁ܼమ …⨁ܼೖ , ݊ଵ݊ଶ…݊ = ݊.  
Ɇɨɠɧɨ ɭɩɨɪяɞɨчɢɬɶ ɰɢɤɥɢчɟɫɤɢɟ ɩɨɞɝɪɭɩɩɵ 
ɬаɤ, чɬɨɛɵ ɛɵɥɨ: ݊ଵ|݊ଶ| … |݊. Ɉɛɨɡɧачɢɦ 
ɨɛɪаɡɭɸщɢɟ ɰɢɤɥɢчɟɫɤɢɯ ɩɨɞɝɪɭɩɩ ɝɪɭɩɩɵ 
чɟɪɟɡ ݕଵ, ,ଶݕ … ,  , а ɫɨɨɬɜɟɬɫɬɜɭɸщɢɟݕ
ɨɛɪаɡɭɸщɢɟ ɝɪɭɩɩɵ ɯаɪаɤɬɟɪɨɜ чɟɪɟɡ  ݔଵ, ,ଶݔ … ,  . Ɍɨɝɞа ɥɸɛɨɦɭ ɨɞɧɨɪɨɞɧɨɦɭݔ
ɷɥɟɦɟɧɬɭ ɛɢɝɪɭɩɩɨɜɨɣ аɥɝɟɛɪɵ ɫɨɨɬɜɟɬɫɬɜɭɟɬ 
ɨɞɧɨчɥɟɧ ݃ = ∏ ≤ݕݔ , Ͳ  ݅ < ݊ ɫɨ ɫɜɨɢɦ 
ɤɨɷɮɮɢɰɢɟɧɬɨɦ ɢɡ ɤɨɥɶɰа.  Ɍаɤɢɦ ɨɛɪаɡɨɦ, 
ɛɢɝɪɭɩɩɨɜая аɥɝɟɛɪа ɩɪɟɞɫɬаɜɥяɟɬɫя ɤаɤ аɥɝɟɛɪа 
ɤɜаɡɢɤɨɦɦɭɬаɬɢɜɧɵɯ ɦɧɨɝɨчɥɟɧɨɜ ɫɨ 
ɫɥɟɞɭɸщɢɦɢ ɫɨɨɬɧɨɲɟɧɢяɦɢ: 

ݔ  = ݕ = ͳ, ݕݔ = ݔݕ , ݅ ≠ ݆, ݕݔ     = ݔݕߠ .        (2) 

ɋɜяɡɶ ɛɢɝɪɭɩɩɨɜɵɯ аɥɝɟɛɪ ɫ ɭɦɧɨɠɟɧɢɟɦ 
ɦаɬɪɢɰ ɤɪɨɟɬɫя ɜ ɫɥɟɞɭɸщɟɣ ɬɟɨɪɟɦɟ. 

Ɍɟɨɪɟɦа 1. Ȼɢɝɪɭɩɩɨɜɚɹ ɚɥɝɟɛɪɚ 
ɢɡɨɦɨɪɮɧɚ ɚɥɝɟɛɪɟ ɦɚɬɪɢɰ ɩɨɪɹɞɤɚ nxn, ɟɫɥɢ 

ɜ ɤɨɥɶɰɟ K ɢɦɟɸɬɫɹ ɩɪɢɦɢɬɢɜɧɵɟ ɤɨɪɧɢ 
ɩɨɪɹɞɤɚ �� ɢ ɷɬɢ ɱɢɫɥɚ ɨɛɪɚɬɢɦɵ (�� א �∗). 

Ⱦɨɤаɡаɬɟɥɶɫɬɜɨ ɨɫɧɨɜɵɜаɟɬɫя ɧа ɢɡɜɟɫɬɧɵɯ 
ɫɨɨɬɧɨɲɟɧɢяɯ ɦɟɠɞɭ ɯаɪаɤɬɟɪаɦɢ ɢ ɷɥɟɦɟɧɬаɦɢ 
ɝɪɭɩɩɵ: ∑ �ሺ�ሻ�א�∗ = {|�|, � = �,�,   � ≠ �.  

∑�ሺ�ሻ�א� = {|�|, � = ��, � ≠ �.  
Ɂаɮɢɤɫɢɪɭɟɦ ɩɪɟɞɫɬаɜɥɟɧɢɟ, ɫɨɝɥаɫɧɨ 

ɤɨɬɨɪɨɦɭ ɦаɬɪɢɰɟ ܣ = ሺܽ௦ሻ ɫɨɨɬɜɟɬɫɬɜɭɟɬ 
ɨɬɨɛɪаɠɟɧɢɟ ∑ ܽ௦݁௦௦ , ɝɞɟ ݁௦ሺ݃ሻ =  ,݃௦. Ɂɞɟɫɶ ݃ – ɧɟɤɨɬɨɪая ɧɭɦɟɪаɰɢя ɷɥɟɦɟɧɬɨɜ ɜ ɝɪɭɩɩɟߜ
ɞɥя ɰɢɤɥɢчɟɫɤɨɣ ɝɪɭɩɩɵ ɧɭɦɟɪаɰɢя 
ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɫɬɟɩɟɧяɦ ɨɛɪаɡɭɸщɟɣ. Ɍаɤɢɦ 
ɨɛɪаɡɨɦ, 

ߤ → ቌͳ ͲͲ ߠ ڮ ͲͲڭ ⋱ Ͳڭ Ͳ ڮ −ଵቍߠ
 , 

    ݃ → ( 
 Ͳ Ͳͳ ͲͲ ͳ ڮ Ͳ ͳͲ ͲͲ Ͳڭ ⋱ Ͳڭ Ͳ ڮ ͳ Ͳ) 

  ߠ   , =   .ଵሺ݃ଵሻߤ
ɂɡ ɷɬɨɝɨ ɩɪɟɞɫɬаɜɥɟɧɢя ɩɨɥɭчаɟɬɫя ɫɨɨɬɜɟɬɫɬɜɢɟ 
ɷɥɟɦɟɧɬаɦ ̅ܣ ɛɢɝɪɭɩɩɨɜɨɣ аɥɝɟɛɪɵ ɦаɬɪɢɰ ܣ̅  :ܣ → ܣ = ሺܽ௦ሻ:   ܽ௦ = ∑ ሻܽ̅ఓ,ఓݏሺߤ .             (3) 

ɉɪɨɫɭɦɦɢɪɨɜаɜ ɩɨ ɞɢаɝɨɧаɥɢ, 
ɫɨɨɬɜɟɬɫɬɜɭɸщɟɣ ɭɦɧɨɠɟɧɢɸ ɧа 
ɫɨɨɬɜɟɬɫɬɜɭɸщɢɣ ɷɥɟɦɟɧɬ ɝɪɭɩɩɵ, ɩɨɥɭчɢɦ 
ɨɛɪаɬɧɨɟ ɨɬɨɛɪаɠɟɧɢɟ:  ܣ → ܣ̅ = ∑ ܽ̅ఓ�݃ߤఓ� , ܽ̅ఓ� = ଵ|ீ|∑ ሺ݃−ଵ݈−ଵሻܽ�,ߤ .      (4) 

 

ȼ ɞаɥɶɧɟɣɲɟɦ  ɨɝɪаɧɢчɢɦɫя ɫɥɭчаɟɦ, ɤɨɝɞа ݊ = � ,  ݊ = �, ɝɞɟ p – ɩɪɨɫɬɨɟ чɢɫɥɨ. ɇа ɝɪɭɩɩɟ 
ɰɜɟɬɨɜ ሺ݅ଵ, ݅ଶ, … , ݅ , … ݅ଶሻ, ɫɨɨɬɜɟɬɫɬɜɭɸщɢɯ 
ɨɞɧɨчɥɟɧаɦ ݔଵభ ଵೖ+భݕೖݔ…  మೖ, ɨɩɪɟɞɟɥɢɦݕ…
ɤɨɫɨɫɢɦɦɟɬɪɢчɧɨɟ ɛɢɥɢɧɟɣɧɨɟ ɩɪɨɢɡɜɟɞɟɧɢɟ [ሺ݅ଵ, … , ݅ଶሻ, ሺ ଵ݆, … , ݆ଶሻ] = ∑ ሺ݅ ݆+ − ݅+ ݆ሻ=ଵ ,      (5) 

ɨɬɧɨɫɢɬɟɥɶɧɨ ɤɨɬɨɪɨɣ ɝɪɭɩɩа ɰɜɟɬɨɜ 
ɫɬаɧɨɜɢɬɫя βk-ɦɟɪɧɵɦ ɫɢɦɩɥɟɤɬɢчɟɫɤɢɦ 
ɩɪɨɫɬɪаɧɫɬɜɨɦ ɧаɞ ܼ� Д6Ж. Ʌɸɛɨɣ ɰɜɟɬɧɨɣ 
(ɫɨɯɪаɧяɸщɢɣ ɨɞɧɨɪɨɞɧɵɟ ɷɥɟɦɟɧɬɵ 
ɨɞɧɨɪɨɞɧɵɦɢ) аɜɬɨɦɨɪɮɢɡɦ, ɡаɞаɜаɟɦɵɣ  
ɡɧачɟɧɢяɦɢ ɧа ɨɛɪаɡɭɸщɢɯ  ݔ → ∏ߠ ೕݔ   ,       (6) 

 ɫɨɯɪаɧяɟɬ ɫɢɦɩɥɟɤɬɢчɟɫɤɭɸ ɫɬɪɭɤɬɭɪɭ, 
ɡаɞаɜаɟɦɭɸ ɫ ɩɨɦɨщɶɸ (5), ɬ.ɟ. ɦаɬɪɢɰа ܣ =
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ሺܽሻ ɫɢɦɩɥɟɤɬɢчɧа.  ȿɫɥɢ  ܺ = ∏ ݔ , ܻ = ∏ ݔ , 

ɬɨ ɫɨɨɬɧɨɲɟɧɢɟ (5) ɦɨɠɟɬ ɛɵɬɶ ɡаɩɢɫаɧɨ ɜ ɜɢɞɟ: ܻܺܺ−ଵ =  (7)                  .[,]ߠܻ

ɇа ɝɪɭɩɩɟ ɰɜɟɬɨɜ ɜɜɟɞёɦ ɨɩɟɪаɬɨɪ: ܫሺ݅ଵ, … , ݅ , ݅+ଵ, … , ݅ଶሻ = ሺ݅+ଵ, … , ݅ଶ , −݅ଵ, … , −݅ሻ,  
Ⱥɧаɥɨɝɢчɧɨ ɨɩɪɟɞɟɥяɟɬɫя ɞɟɣɫɬɜɢɟ ɧа 

ɦɨɧɨɦаɯ. Ɉчɟɜɢɞɧɨ,  ܫଶ = −ͳ ɢ   [ܺܫ, [ܻܫ =−[ܺ, ܻ].  Ɉɩɟɪаɬɨɪ ሺܺ, ܻሻ = ,ܺܫ] ܻ] = ,ܻܫ] ܺ]  
ɫɢɦɦɟɬɪɢчɧɵɣ ɢ ɢɝɪаɟɬ ɪɨɥɶ ɫɤаɥяɪɧɨɝɨ 
ɩɪɨɢɡɜɟɞɟɧɢя. 

ɉɪɢ � > ʹ  ɭɫɥɨɜɢɟ (6) яɜɥяɟɬɫя 
ɞɨɫɬаɬɨчɧɵɦ, чɬɨɛɵ ɨɬɨɛɪаɠɟɧɢɟ, ɡаɞаɜаɟɦɨɟ 
ɫɨɨɬɧɨɲɟɧɢɟɦ (6) ɧа ɨɛɪаɡɭɸщɢɯ, ɩɪɢɜɟɥɨ ɤ 
аɜɬɨɦɨɪɮɢɡɦɭ аɥɝɟɛɪɵ, ɤɨɝɞа ሺܽሻ 
ɫɢɦɩɥɟɤɬɢчɧа. ɉɪɢ � = ʹ ɧɟɨɛɯɨɞɢɦɨ ɭɦɧɨɠаɬɶ 
ɩɪаɜɭɸ чаɫɬɶ (6) ɧа ɤɨɪɟɧɶ чɟɬɜёɪɬɨɣ ɫɬɟɩɟɧɢ ɢɡ 
1, ɟɫɥɢ ∑ ܽܽሺ+ሻ≤  ɧɟчёɬɧɨ, ɬ.ɟ. ܾ = ܾ′ +ଵଶ∑ ܽܽሺ+ሻ≤ , ܾ′ א ܼ�.  Ɏаɤɬɢчɟɫɤɢ ɡа ߠ ɧаɞɨ 
ɛɪаɬɶ ɤɨɪɟɧɶ чɟɬɜёɪɬɨɣ ɫɬɟɩɟɧɢ ɢɡ 1, ɢ ɬɨɥɶɤɨ ɫ 
ɬаɤɨɣ ɨɝɨɜɨɪɤɨɣ ɦɨɠɧɨ ɝɨɜɨɪɢɬɶ ɨ 
ɞɨɫɬаɬɨчɧɨɫɬɢ ɭɫɥɨɜɢя (6) ɞɥя ɩɪɨɞɨɥɠɟɧɢя 
ɨɬɨɛɪаɠɟɧɢя ɞɨ аɜɬɨɦɨɪɮɢɡɦа. Ⱦɥя ɨɩɢɫаɧɢя 
аɜɬɨɦɨɪɮɢɡɦɨɜ ɭɞɨɛɧɟɟ ɢɫɩɨɥɶɡɨɜаɬɶ 
(ɨɛɨɛщɟɧɧɵɣ) ɛаɡɢɫ ȼɟɣɥя–ɒɜɢɧɝɟɪа: ܹሺ݅ଵ, … , ݅ , ݅+ଵ, … , ݅ଶሻ =   .ೖమೖሻ/ଶ+ڮ+ሺభೖ+భ+మೖ+మ−ߠ

Ɍаɛɥɢɰа ɭɦɧɨɠɟɧɢя ɜ ɷɬɨɦ ɛаɡɢɫɟ ɢɦɟɟɬ ɜɢɞ: 
 ܹሺ݅ଵ, … , ݅ଶሻܹሺ݆ଵ, … , ݆ଶሻ మ[(ೕభ,…,ೕమೖ),(భ,…,మೖ)]ߠ= ܹሺ݅ଵ + ݆ଵ, … , ݅ଶ + ݆ଶሻ.             (8)

 
 

ȼ ɷɬɨɦ ɛаɡɢɫɟ ɝɪɭɩɩа аɜɬɨɦɨɪɮɢɡɦɨɜ 
ɪаɫɤɥаɞɵɜаɟɬɫя ɜ ɩɪяɦɭɸ ɫɭɦɦɭ ɝɪɭɩɩɵ ɡɧаɤɨɜ, 
ɦɟɧяɸщɢɯ ɬɨɥɶɤɨ ɡɧаɤɢ ɩɟɪɟɞ ɛаɡɢɫɧɵɦɢ 
ɷɥɟɦɟɧɬаɦɢ, ɢ ɝɪɭɩɩɵ ɫɢɦɩɥɟɤɬɢчɟɫɤɢɯ ɦаɬɪɢɰ ሺܽሻ. ɉɟɪɜая ɝɪɭɩɩа ɫɨɫɬɨɢɬ ɢɡ �ଶ ɷɥɟɦɟɧɬɨɜ, 
ɜɬɨɪая ɝɪɭɩɩа ɛɨɥɶɲая, ɥɨɝаɪɢɮɦ ɨɬ ɩɨɪяɞɤа ɩɨ 
ɨɫɧɨɜаɧɢɸ  � ɨɰɟɧɢɜаɟɬɫя ɤаɤ ܱሺʹ݇ଶሻ.  
ɇаɩɪɢɦɟɪ, ɩɪɢ ݊ = ʹ, ݇ = ʹͷ  ɤɨɥɢчɟɫɬɜɨ 
аɜɬɨɦɨɪɮɢɡɦɨɜ ɛɨɥɶɲɟ ʹଵଶସ, ɬ.ɟ. ɲɢɮɪ 
ɧаɞёɠɧɟɟ чɟɦ ɭ RSA. 

Ɂɧɚɱɟɧɢɹ ɦɧɨɝɨɱɥɟɧɨɜ 

Ⱦɥя ɧаɲɢɯ ɧɟɤɨɦɦɭɬаɬɢɜɧɵɯ ɦɧɨɝɨчɥɟɧɨɜ 
ɦɨɠɧɨ ɩɪɢɞɭɦаɬɶ ɪаɡɥɢчɧɵɟ ɡɧачɟɧɢя. Ⱦɥя 
ɩɪɨɢɡɜɟɞɟɧɢя ɜɵɛɨɪ ɟɝɨ ɡɧачɟɧɢɣ ɩɪаɤɬɢчɟɫɤɢ 
ɧɟ ɢɦɟɟɬ ɡɧачɟɧɢя. Гɥаɜɧɨɟ ɜ ɜɵɛɨɪɟ ɡɧачɟɧɢɣ 
ɦɧɨɝɨчɥɟɧɨɜ, яɜɥяɟɬɫя  ɭɞɨɛɫɬɜɨ ɜɵɪаɠɟɧɢя 
ɡɧачɟɧɢɣ ɩɪɨɢɡɜɟɞɟɧɢя ɦɧɨɝɨчɥɟɧɨɜ ߰ሺݔ, ሻݕ =݂ሺݔ, ,ݔሻ�ሺݕ  .ሻ чɟɪɟɡ ɡɧачɟɧɢя ɫɨɦɧɨɠɢɬɟɥɟɣݕ
Ɂɞɟɫɶ ɦɵ ɩɟɪɜɵɟ k ɩɟɪɟɦɟɧɧɵɯ ɨɛɨɡɧачɢɥɢ чɟɪɟɡ ݔ, а ɩɨɫɥɟɞɧɢɟ k чɟɪɟɡ ݕ. Ɉɩɪɟɞɟɥɢɦ ɡɧачɟɧɢя  ߰ሺݔଵ, … , ݔ , ,ଵݕ … , ሻݕ =∑ ܿభ,…,ೖభ,…,ೖݔଵభ ଵభݕೖݔ… ೖభ,…,ೖభ,…,ೖݕ…         (9) 

ɩɪɢ  ݔ = ఈߠ , ݕ   =  ఈೕ+ೖ ɜɵчɢɫɥяɟɬɫяߠ
ɩɨɞɫɬаɧɨɜɤɨɣ ɫɨɨɬɜɟɬɫɬɜɭɸщɢɯ ɡɧачɟɧɢɣ ɜ 

ɜɵɪаɠɟɧɢɟ ɦɧɨɝɨчɥɟɧа.  Ⱦɥя ɫɨɦɧɨɠɢɬɟɥɟɣ 
ɩɪɟɞɜаɪɢɬɟɥɶɧɨ ɦɨɠɧɨ ɜɵчɢɫɥɢɬɶ ɬаɤɢɟ ɠɟ 
ɡɧачɟɧɢя  

ɋаɦɨ ɜɵчɢɫɥɟɧɢɟ ɡɧачɟɧɢɣ ɢ ɦаɬɪɢɰɵ 
ɩɪɨɢɡɜɟɞɟɧɢя ɩɨ ɜɵчɢɫɥɟɧɧɵɦ ɡɧачɟɧɢяɦ 
ɡаɧɢɦаɟɬ ɜɫɟɝɨ ܱሺ݊ଶ logሺ݊ሻሻ ɨɩɟɪаɰɢɣ. ɉɪɢ ɷɬɨɦ 
ɤɨɷɮɮɢɰɢɟɧɬ ɛɵɫɬɪɨ ɪаɫɬёɬ ɩɪɢ ɛɨɥɶɲɢɯ p. 

ɉɨɷɬɨɦɭ ɜ ɞаɥɶɧɟɣɲɟɦ ɞɥя ɩɪɨɫɬɨɬɵ ɛɭɞɟɦ 
ɪаɫɫɦаɬɪɢɜаɬɶ ɬɨɥɶɤɨ ɫɥɭчаɣ p=β.  ɇа ɤаɠɞɨɦ 
ɲаɝɟ ɜɵчɢɫɥɟɧɢя ɡɧачɟɧɢɣ, ɩɪɢɜɥɟɤая ɧɨɜɵɟ 
ɲаɝɢ ɧɟɤɨɦɦɭɬаɬɢɜɧɨɫɬɢ, ɦɨɠɟɦ ɩɟɪɟɫчɢɬаɬɶ 
ɜɫɟ ɡɧачɟɧɢя ɦɧɨɝɨчɥɟɧɨɜ. ɇа ɩɟɪɟɫчёɬ ɧɨɜɵɯ 
ɡɧачɟɧɢɣ ɬɪаɬɢɬɫя ɬɨɥɶɤɨ ܱሺ݊ଶሻ ɨɩɟɪаɰɢɣ. 
ɉɨɷɬɨɦɭ ɩɪɢ ɤɨɥɢчɟɫɬɜɟ ɲаɝɨɜ  ܱሺ݇ሻ = ܱሺlog ݊ሻ  
ɫɥɨɠɧɨɫɬɶ ɜɵчɢɫɥɟɧɢя ɩɪɨɢɡɜɟɞɟɧɢя ɨɫɬаɧɟɬɫя 
ɩɨɪяɞɤа ܱሺ݊ଶ log ݊ሻ. Ⱦɥя ɧɟɤɨɦɦɭɬаɬɢɜɧɵɯ 
ɦɧɨɝɨчɥɟɧɨɜ ɡɧачɟɧɢя ɩɪɨɢɡɜɟɞɟɧɢя 
ɜɵчɢɫɥяɸɬɫя ɥɢɧɟɣɧɨɣ ɤɨɦɛɢɧаɰɢɟɣ 
ɩɪɨɢɡɜɟɞɟɧɢɣ ɫɦɟщёɧɧɵɯ (ɨɬɧɨɫɢɬɟɥɶɧɨ 
ɜɵчɢɫɥяɟɦɨɝɨ) ɡɧачɟɧɢɣ ɫɨɦɧɨɠɢɬɟɥɟɣ. 
ɇаɩɪɢɦɟɪ, ɩɪɢ k=1 ɡɧачɟɧɢя ɩɪɨɢɡɜɟɞɟɧɢя ɛɭɞɭɬ ଵଶ [݂ሺݔ, ,ݔሻ�ሺݕ ሻݕ + ݂ሺݔ, ,ݔሻ�ሺݕ− ሻݕ +݂ሺݔ, ,ݔ−ሻ�ሺݕ ሻݕ − ݂ሺݔ, ,ݔ−ሻ�ሺݕ−  ሻ].                (10)ݕ

ɍɠɟ ɩɪɢ k=1 ɦɨɠɧɨ ɢɫɩɨɥɶɡɨɜаɬɶ 
ɦɨɞɟɪɧɢɡɢɪɨɜаɧɧɵɟ ɡɧачɟɧɢя ɞɥя ɫɨɦɧɨɠɢɬɟɥɟɣ, 
ɩɪɢɜɥɟɤая ɩɨɤаɡаɬɟɥɢ ɫɬɟɩɟɧɟɣ ɞɥя 
ɫɨɦɧɨɠɢɬɟɥɟɣ. ɋ ɭчёɬɨɦ ɷɬɨɝɨ ɢɦɟɟɬɫя 1β 
ɮɨɪɦɭɥ ɫ ɜɵчɟɬɨɦ ɢɡ ɢɫɯɨɞɧɨɝɨ ݂ሺݔ, ,ݔሻ�ሺݕ  ሻ ɢݕ
1β ɮɨɪɦɭɥ ɫ ɞɨɛаɜɥɟɧɢɟɦ. ɉɪɨɢɡɜɟɞɟɧɢɟ ɥɸɛɨɝɨ 
ɬɢɩа ɡɧачɟɧɢɣ ɫɨɦɧɨɠɢɬɟɥɟɣ ɢɦɟɟɬ ɜɢɞ: ∑ ∑ߠ ఈೞሺೞ+ೞሻೞ ܽభ,..,మೖ ܾభ,…,మೖߠఉభሺሻ+ఉమሺሻభ,..,మೖభ,…,మೖ .   (11) 

Ɂɞɟɫɶ ߠ = −ͳ, ߚଵሺ݅ሻ,  ଶሺ݆ሻ  – ɥɨɝɢчɟɫɤɢɟߚ 
ɮɨɪɦɭɥɵ, ɩɨɥɭчаɟɦɵɟ ɩɪɢ ɦɨɞɟɪɧɢɡаɰɢɢ ɢ 
ɫɦɟщɟɧɢя ɡɧачɟɧɢɣ. Ɍɨɝɞа ɜɵчɢɫɥɟɧɢɟ ɡɧачɟɧɢɣ 
ɩɪɨɢɡɜɟɞɟɧɢя ɫɜɨɞɢɬɫя ɤ ɤɨɦɛɢɧаɬɨɪɢɤɟ 
ɛɭɥɟɜɵɯ ɮɭɧɤɰɢɣ ɢ ɧаɯɨɠɞɟɧɢя ɤɪаɬɤɨɣ 
ɮɨɪɦɭɥɵ ɞɥя ɜɵɪаɠɟɧɢя ɡɧачɟɧɢɣ: ߰ሺݔ, ,ݔ௦݂ሺܥ∑=ሻ|ሺ௫,௬ሻ=ሺ−ଵሻഀݕ ,ݔሻ|ሺ௫,௬ሻ=ሺ−ଵሻഀ+ഁభ�ሺݕ ሻ|ሺ௫,௬ሻ=ሺ−ଵሻഀ+ഁమ௦ݕ . 

Ʉɨɷɮɮɢɰɢɟɧɬɵ ܥ௦  ɧаɯɨɞяɬɫя ɢɡ ɛɭɥɟɜɨɝɨ 
ɜɵɪаɠɟɧɢя: ሺ−ͳሻೖ+భభ+ڮ+మೖೖ ௦௦ܥ∑= ሺ−ͳሻఉభೞሺሻ+ఉమೞሺሻ. 

Ɂɞɟɫɶ ɜ ɩɨɤаɡаɬɟɥяɯ ɪɨɥɶ ɢɫɬɢɧɵ ɢɝɪаɟɬ 1, 
ɥɠɢ – 0 (݁ݑݎݐ = ͳ, ݁ݏ݈݂ܽ = Ͳሻ, а ɩɨɫɥɟ 
ɩɪɢɦɟɧɟɧɢя ɫɬɟɩɟɧɢ ɪɨɥɶ ɢɫɬɢɧɵ – 1, ɥɠɢ – ( -1). 

ɇаɩɪɢɦɟɪ, ɩɪɨɫɬɟɣɲɢɟ ɛɭɥɟɜɵ ɮɨɪɦɭɥɵ ɨɬ ɞɜɭɯ 
ɩɟɪɟɦɟɧɧɵɯ ɜɵɝɥяɞяɬ ɬаɤ: ሺ−ͳሻ௫భ+௫మ = {−ଵ,௫భ≠௫మଵ,௫భ=௫మ ,       ሺ−ͳሻ௫భ௫మ = ͳʹ [ͳ + ሺ−ͳሻ௫భ + ሺ−ͳሻ௫మ − ሺ−ͳሻ௫భ+௫మ]. 
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Ⱦɥɢɧɭ ɮɨɪɦɭɥ ɦɨɠɧɨ ɫɨɤɪаɬɢɬɶ ɫɭщɟɫɬɜɟɧɧɨ 
ɡа ɫчёɬ ɫɭщɟɫɬɜɟɧɧɨɣ ɦɨɞɟɪɧɢɡаɰɢɢ ɬɢɩа 
ɡɧачɟɧɢɣ. ȿɞɢɧɫɬɜɟɧɧɨɟ, чɬɨ ɦɵ ɧɟ ɦɨɠɟɦ, – ɷɬɨ 
ɫɦɟɲаɬɶ ɜ ɮɨɪɦɭɥаɯ ɢɧɞɟɤɫɵ ݅ , ݆ , ɨɬɧɨɫящɢɟɫя 
ɤ ɪаɡɧɵɦ ɦɧɨɝɨчɥɟɧаɦ.  Ɍɟɦ ɧɟ ɦɟɧɟɟ, ɜ ɪаɦɤаɯ 
ɩɪɨɢɡɜɨɥɶɧɨɫɬɢ ɜɵɛɨɪа  ߚଵ௦ሺ݅ሻ,  ଶ௦ሺ݆ሻ ɞɥɢɧаߚ
ɮɨɪɦɭɥɵ ɦɨɠɟɬ ɛɵɬɶ ɭɦɟɧɶɲɟɧа ɤаɤ ɦɢɧɢɦɭɦ 
ɞɨ ܱሺ݇ଶሻ = ܱሺlogଶ݊ሻ. 
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Ⱥɣɞɚɝɭɥɨɜ Ɋ.Ɋ. Эɮɮɟɤɬɢɜɧɨɫɬɶ ɜɵɱɢɫɥɟɧɢɣ ɩɪɢ ɭɦɧɨɠɟɧɢɢ ɦɚɬɪɢɰ. ȼɜɨɞɢɬɫɹ ɩɨɧɹɬɢɹ 
ɮɢɥɶɬɪɨɜаɧɧɨɝɨ ɢ ɝɪаɞɭɢɪɨɜаɧɧɨɝɨ ɜɵɱɢɫɥɟɧɢɣ. ɉɨɫɥɟɞɧɢɣ мɟɬɨɞ ɛɨɥɟɟ ɷɮɮɟкɬɢɜɟɧ ɜ ɫɢɥɭ 
ɩɨɥɧɨцɟɧɧɨɝɨ ɢɫɩɨɥɶɡɨɜаɧɢɹ ɩɪɨмɟɠɭɬɨɱɧɵɯ ɜɵɱɢɫɥɟɧɢɣ. ɋɸɞа ɨɬɧɨɫɢɬɫɹ ɜɵɱɢɫɥɟɧɢɟ 
ɩɪɨɢɡɜɟɞɟɧɢɹ ɛɨɥɶɲɢɯ ɱɢɫɟɥ ɩɪɟɨɛɪаɡɨɜаɧɢɟм Ɏɭɪɶɟ. ɉɨка ɧɟ ɫɭɳɟɫɬɜɭɟɬ ɬакɨɝɨ мɟɬɨɞа ɩɪɢ 
ɭмɧɨɠɟɧɢɢ (ɢ ɨɛɪаɳɟɧɢɢ) маɬɪɢц ɛɨɥɶɲɢɯ ɩɨɪɹɞкɨɜ. Ɂɞɟɫɶ ɫɬɪɨɢɬɫɹ ɬакɨɣ мɟɬɨɞ ɢɫɩɨɥɶɡɭɹ 
ɝɪаɞɭɢɪɨɜкɢ ɛɢɝɪɭɩɩɨɜɨɣ аɥɝɟɛɪɵ. 

 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ:  ɮɢɥɶɬɪɨɜаɧɧɨɟ ɢ ɝɪаɞɭɢɪɨɜаɧɧɨɟ ɜɵɱɢɫɥɟɧɢɟ, ɝɪаɞɭɢɪɨɜкɢ ɛɢɝɪɭɩɩɨɜɨɣ аɥɝɟɛɪɵ 

Aydagulov R.R. The efficiency of computation in matrix multiplication. Introduces the concept of 

filtered and graded (calibration) calculations. The latter method is more efficient due to the full use of 

intermediate calculations. This includes the evaluation of the work of large numbers by the Fourier 

transform. While there is no suth method when multiplying (and circulation) of matrices of large orders. 

Here is this method using the calibration bigroup algebras. 

 

Keywords:  filtered and graduated calculation, calibrating of bigrroup algebra 
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