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ɍȾɄ 51β.57β 

Эɧɞɨɦɨɪɮɢɡɦɵ ɚɛɟɥɟɜɵɯ ɩɨɥɭɰɢɤɥɢɱɟɫɤɢɯ n–ɚɪɧɵɯ ɝɪɭɩɩ 

ȼ. Ɇ. Ʉɭɫɨɜ, ɇ. Ⱥ. ɓɭчɤɢɧ  
ȼɨɥɝɨɝɪаɞɫɤɢɣ ɝɨɫɭɞаɪɫɬɜɟɧɧɵɣ ɫɨɰɢаɥɶɧɨ-ɩɟɞаɝɨɝɢчɟɫɤɢɣ ɭɧɢɜɟɪɫɢɬɟɬ 
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Ʉɭɫɨɜ ȼ. Ɇ., Щɭɱɤɢɧ ɇ. Ⱥ. Эɧɞɨɦɨɪɮɢɡɦɵ ɚɛɟɥɟɜɵɯ ɩɨɥɭɰɢɤɥɢɱɟɫɤɢɯ n–ɚɪɧɵɯ ɝɪɭɩɩ. 
ɉɪɢɜɟɞɟɧɨ ɩɨɥɧɨɟ ɨɩɢɫаɧɢɟ ɫɬɪɨɟɧɢɹ ( ,2)n  кɨɥɟц ɷɧɞɨмɨɪɮɢɡмɨɜ кɨɧɟɱɧɵɯ ɢ ɛɟɫкɨɧɟɱɧɵɯ 
аɛɟɥɟɜɵɯ ɩɨɥɭцɢкɥɢɱɟɫкɢɯ n  аɪɧɵɯ ɝɪɭɩɩ. Дɨкаɡаɧ n  аɪɧɵɣ аɧаɥɨɝ ɬɟɨɪɟмɵ Ȼɟɪа–Ʉаɩɥаɧɫкɨɝɨ 
ɞɥɹ кɨɧɟɱɧɵɯ аɛɟɥɟɜɵɯ ɩɨɥɭцɢкɥɢɱɟɫкɢɯ n  аɪɧɵɯ ɝɪɭɩɩ. ɇаɣɞɟɧɵ ɭɫɥɨɜɢɹ ɢɡɨмɨɪɮɢɡма ( ,2)n 
кɨɥɟц ɷɧɞɨмɨɪɮɢɡмɨɜ ɞɥɹ ɛɟɫкɨɧɟɱɧɵɯ аɛɟɥɟɜɵɯ ɩɨɥɭ-цɢкɥɢɱɟɫкɢɯ n-аɪɧɵɯ ɝɪɭɩɩ. 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: аɛɟɥɟɜа n  аɪɧаɹ ɝɪɭɩɩа, ɷɧɞɨмɨɪɮɢɡм, ɩɨɥɭцɢкɥɢɱɟɫкаɹ n  аɪɧаɹ ɝɪɭɩɩа, 
( ,2)n  кɨɥɶцɨ. 

 

ȼɜɟɞɟɧɢɟ 

n–аɪɧɵɣ ɝɪɭɩɩɨɢɞ ,G f  ɫ n–аɪɧɨɣ ɨɩɟɪаɰɢɟɣ 
f  ( 3)n   ɧаɡɵɜаɸɬ n–аɪɧɨɣ ɤɜаɡɢɝɪɭɩɩɨɣ, ɟɫɥɢ 

ɜ ɧɟɦ ɞɥя ɜɫɟɯ 1,...,j n  ɪаɡɪɟɲɢɦɨ ɢ ɢɦɟɟɬ 
ɟɞɢɧɫɬɜɟɧɧɨɟ ɪɟɲɟɧɢɟ ɤаɠɞɨɟ ɢɡ ɭɪаɜɧɟɧɢɣ 

1 1 1( ,..., , , ,..., )
j j j n

f a a x a a b    

ɞɥя ɥɸɛɵɯ 
1 1 1,..., , ,..., ,

j j n
a a a a b   ɢɡ G . n–Ⱥɪɧɨɣ 

ɤɜаɡɢɝɪɭɩɩɨɣ, ɜ чаɫɬɧɨɫɬɢ, яɜɥяɟɬɫя n–аɪɧая 
ɝɪɭɩɩа, ɤɨɬɨɪая ɫɥɭɠɢɬ ɨɛɨɛщɟɧɢɟɦ ɩɨɧяɬɢя 
ɝɪɭɩɩɵ ɧа n–аɪɧɵɣ ɫɥɭчаɣ. ɂɦɟɧɧɨ, n–аɪɧая 
ɤɜаɡɢɝɪɭɩɩа ,G f  ɧаɡɵɜаɟɬɫя n–аɪɧɨɣ ɝɪɭɩɩɨɣ, 
ɟɫɥɢ ɜ ɧɟɣ ɜɵɩɨɥɧяɟɬɫя ɨɛɨɛщɟɧɧɵɣ ɡаɤɨɧ 
аɫɫɨɰɢаɬɢɜɧɨɫɬɢ 

1 1 2 1

1 1 1 2 1

( ( ,..., ), ,..., )

( ,..., , ( ,..., ), ,..., )

n n n

i i i n i n n

f f a a a a

f a a f a a a a

 

    


 

ɞɥя ɜɫɟɯ 1,..., 1i n   (ɫɦ. ɫɬɪ. 5β, Д1Ж). Ȼɨɥɟɟ 
ɪаɧɧɟɟ ɢɡɭчɟɧɢɟ n–аɪɧɵɯ ɝɪɭɩɩ ɜɫɬɪɟчаɟɬɫя ɜ 
ɪаɛɨɬаɯ ДβЖ, ДγЖ, Д4Ж. Ɉɫɧɨɜɵ ɬɟɨɪɢɢ n–аɪɧɵɯ 
ɝɪɭɩɩ ɩɨɞɪɨɛɧɨ ɢɡɥɨɠɟɧɵ ɜ ɪаɛɨɬаɯ Д5Ж, Д6Ж, Д7Ж. 
ȼ n–аɪɧɨɣ ɝɪɭɩɩɟ ,G f  ɞɥя ɥɸɛɨɝɨ ɷɥɟɦɟɧɬа 
a G  ɪɟɲɟɧɢɟ ɭɪаɜɧɟɧɢя 

1

( ,..., , )

n

f a a x a




1 2 3

 

ɨɛɨɡɧачаɸɬ a  ɢ ɧаɡɵɜаɸɬ ɤɨɫɵɦ ɷɥɟɦɟɧɬɨɦ ɞɥя 
a . ɉɨɥɭчаɟɦ ɜ n–аɪɧɨɣ ɝɪɭɩɩɟ ,G f  ɭɧаɪɧɭɸ 

ɨɩɟɪаɰɢɸ ¯. Ɉɬɦɟɬɢɦ ɧɟɤɨɬɨɪɵɟ ɫɜɨɣɫɬɜа ɷɬɨɣ 
ɨɩɟɪаɰɢɢ, ɤɨɬɨɪɵɟ ɧаɦ ɩɨɧаɞɨɛяɬɫя ɞаɥɶɲɟ (ɫɦ., 
ɧаɩɪɢɦɟɪ, Д6Ж). 

Ɍɟɨɪɟɦɚ 1. ȼ ɥɸɛɨɣ n–аɪɧɨɣ ɝɪɭɩɩɟ ,G f  

ɜɵɩɨɥɧɟɧɵ ɫɜɨɣɫɬɜа: 
1) ɞɥɹ ɥɸɛɵɯ ,x y G  ɜɟɪɧɵ ɪаɜɟɧɫɬɜа 

{ {
2 2

( , ,..., , ) , ( , ,..., , ) ;
n n

f y x x x y f x x x y y
 

   

β) ɥɸɛɨɣ ɝɨмɨмɨɪɮɢɡм   n–аɪɧɨɣ ɝɪɭɩɩɵ 
,G f  ɫɨɯɪаɧɹɟɬ ɭɧаɪɧɭɸ ɨɩɟɪацɢɸ ¯, ɬ.ɟ. ɞɥɹ 

ɥɸɛɨɝɨ x G  ɜɟɪɧɨ ɪаɜɟɧɫɬɜɨ 

( ) ( ).x x   

ɂɡɜɟɫɬɧɨ Д8Ж, чɬɨ n–аɪɧɵɣ ɝɪɭɩɩɨɢɞ ,G f  

яɜɥяɟɬɫя n–аɪɧɨɣ ɝɪɭɩɩɨɣ ɬɨɝɞа ɢ ɬɨɥɶɤɨ ɬɨɝɞа, 
ɤɨɝɞа ɜ ɧɟɦ ɨɩɟɪаɰɢя f  ɭɞɨɜɥɟɬɜɨɪяɟɬ 
ɨɛɨɛщɟɧɧɨɦɭ ɡаɤɨɧɭ аɫɫɨɰɢаɬɢɜɧɨɫɬɢ ɢ 
ɫɭщɟɫɬɜɭɟɬ ɭɧаɪɧая ɨɩɟɪаɰɢя :h x x , ɞɥя 
ɤɨɬɨɪɨɣ ɜɵɩɨɥɧяɸɬɫя ɬɨɠɞɟɫɬɜа 

( , ,..., , , ) , ( , , ,..., , ) .f y x x x x y f x x x x y y       (1) 

ɇаɫ ɢɧɬɟɪɟɫɭɟɬ ɨɬɞɟɥɶɧɵɣ ɤɥаɫɫ n–аɪɧɵɯ ɝɪɭɩɩ, 
ɬɨчɧɟɟ, ɤɥаɫɫ аɛɟɥɟɜɵɯ n–аɪɧɵɯ ɝɪɭɩɩ. n–Ⱥɪɧая 
ɝɪɭɩɩа ɧаɡɵɜаɟɬɫя аɛɟɥɟɜɨɣ, ɟɫɥɢ ɜ ɧɟɣ ɜɟɪɧɵ 
ɬɨɠɞɟɫɬɜа 

1 (1) ( )( ,..., ) ( ,..., )
n n

f x x f x x   

ɞɥя ɥɸɛɨɣ ɩɨɞɫɬаɧɨɜɤɢ n
S  . ȿɫɥɢ ɬɟɨɪɢя 

аɛɟɥɟɜɵɯ ɝɪɭɩɩ ɞаɜɧɨ ɭɠɟ ɮɨɪɦаɥɶɧɨ яɜɥяɟɬɫя 
чаɫɬɶɸ ɬɟɨɪɢɢ ɝɪɭɩɩ, ɟɟ ɦɟɬɨɞɵ ɢ ɪɟɡɭɥɶɬаɬɵ, 
ɤаɤ ɩɪаɜɢɥɨ, ɧɟ ɫɜяɡаɧɵ ɫ ɨɛщɟɣ ɬɟɨɪɢɟɣ ɝɪɭɩɩ 
(ɫɦ. Д9Ж, Д10Ж, Д11Ж), ɬɨ ɬɟɨɪɢя аɛɟɥɟɜɵɯ n–аɪɧɵɯ 
ɝɪɭɩɩ ɧаɯɨɞɢɬɫя ɜ ɫɜɨɟɦ ɩɟɪɜɨɧачаɥɶɧɨɦ 
ɪаɡɜɢɬɢɢ. Ɉɫɧɨɜɨɣ ɷɬɨɣ ɬɟɨɪɢɢ яɜɥяɟɬɫя ɪаɛɨɬа 
Д1βЖ. ɇаɞɟɟɦɫя, ɧаɫɬɨящая ɪаɛɨɬа ɜɧɟɫɟɬ 
ɧɟɛɨɥɶɲɨɣ ɜɤɥаɞ ɜ ɮɭɧɞаɦɟɧɬ ɪаɡɜɢɬɢя ɬɟɨɪɢɢ 
аɛɟɥɟɜɵɯ n–аɪɧɵɯ ɝɪɭɩɩ. 
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ɇɟɤɨɬɨɪɵɟ ɫɜɟɞɟɧɢɹ ɢɡ ɬɟɨɪɢɢ 
ɚɛɟɥɟɜɵɯ n–аɪɧых гɪуɩɩ 

ɂɦɟɟɬɫя ɬɟɫɧая ɫɜяɡɶ ɦɟɠɞɭ ɬɟɨɪɢяɦɢ ɝɪɭɩɩ ɢ n–
аɪɧɵɯ ɝɪɭɩɩ. ɑаɫɬɧɵɦ ɫɥɭчаɟɦ ɨɫɧɨɜɧɵɯ 
ɪɟɡɭɥɶɬаɬɨɜ ɪаɛɨɬ Д1γЖ, Д14Ж яɜɥяɟɬɫя 

Ɍɟɨɪɟɦɚ 2. (ɉɪɟɞɥɨɠɟɧɢɟ γ, Д1β]). ɇа ɥɸɛɨɣ 
аɛɟɥɟɜɨɣ n–аɪɧɨɣ ɝɪɭɩɩɟ ,G f  ɡаɞаɟɬɫɹ 
аɛɟɥɟɜа ɝɪɭɩɩа ,G    М ɛɢɧаɪɧɨɣ ɨɩɟɪацɢɟɣ 
 , ɡаɞаɧɧɨɣ ɩɨ ɩɪаɜɢɥɭ: 

{
3

( , ,..., , , )
n

a b f a c c c b


  ,   

ɝɞɟ c  — ɮɢкɫɢɪɨɜаɧɧɵɣ ɷɥɟмɟɧɬ ɢɡ G . Тɨɝɞа 

1 1( ,..., ) ... ,
n n

f a a a a d     (2) 

ɝɞɟ {( ,..., ).
n

d f c c  Эɥɟмɟɧɬ c  ɹɜɥɹɟɬɫɹ ɧɭɥɟм ɜ 

ɝɪɭɩɩɟ ,G  . ȼɟɪɧɨ ɢ ɨɛɪаɬɧɨ: ɜ ɥɸɛɨɣ аɛɟɥɟɜɨɣ 

ɝɪɭɩɩɟ ,G   ɞɥɹ ɜɵɛɪаɧɧɨɝɨ ɷɥɟмɟɧɬа d  

ɡаɞаɟɬɫɹ аɛɟɥɟɜа n–аɪɧаɹ ɝɪɭɩɩа ,G f , ɝɞɟ n–
аɪɧаɹ ɨɩɟɪацɢɹ f  ɞɟɣɫɬɜɭɟɬ ɩɨ ɩɪаɜɢɥɭ (β). 
ȼ ɩɟɪɜɨɦ ɫɥɭчаɟ ɬɟɨɪɟɦɵ β ɝɪɭɩɩɭ ,G   

ɧаɡɵɜаɸɬ ɪɟɞɭɤɬɨɦ аɛɟɥɟɜɨɣ n–аɪɧɨɣ ɝɪɭɩɩɵ 

,G f  ɢ ɨɛɨɡɧачаɸɬ ,
c

red G f . Ʌɸɛɵɟ ɞɜа 
ɪɟɞɭɤɬа ɨɞɧɨɣ ɢ ɬɨɣ ɠɟ аɛɟɥɟɜɨɣ n–аɪɧɨɣ 
ɝɪɭɩɩɵ ɢɡɨɦɨɪɮɧɵ. ȼɨ ɜɬɨɪɨɦ ɫɥɭчаɟ ɬɟɨɪɟɦɵ β 
n–аɪɧɭɸ ɝɪɭɩɩɭ ,G f  ɧаɡɵɜаɸɬ d–ɩɪɨɢɡɜɨɞɧɨɣ 

ɨɬ аɛɟɥɟɜɨɣ ɝɪɭɩɩɵ ,G   ɢ ɨɛɨɡɧачаɸɬ 

,
d

der G   (ɫɦ. Д1βЖ). ȼ Д1βЖ ɬаɤɠɟ ɩɪɢɜɨɞяɬɫя 
ɪаɜɟɧɫɬɜа 

, , ;
d c

G f der red G f   (3) 

, , .
c d

G red der G     (4) 

ɂɦɟɟɬɫя ɤɪɢɬɟɪɢɣ ɢɡɨɦɨɪɮɢɡɦа аɛɟɥɟɜɵɯ n–
аɪɧɵɯ ɝɪɭɩɩ. 

Ɍɟɨɪɟɦɚ 3. (ɋɥɟɞɫɬɜɢɟ 17, Д1η]). n–Ⱥɪɧɵɟ 
ɝɪɭɩɩɵ , ,

d
G f der G   ɢ 

, ,
d

G f der G     ɢɡɨмɨɪɮɧɵ ɬɨɝɞа ɢ ɬɨɥɶкɨ 
ɬɨɝɞа, кɨɝɞа ɧаɣɞɭɬɫɹ ɢɡɨмɨɪɮɢɡм   ɢɡ ɝɪɭɩɩɵ 

,G   ɜ ɝɪɭɩɩɭ ,G   ɢ ɷɥɟмɟɧɬ u G  ɬакɢɟ, 
ɱɬɨ 

( ) ( 1) .d n u d       (5) 

ɂɫɩɨɥɶɡɭя ɢɞɟɢ ɢɡ ɪаɛɨɬɵ Д15Ж, ɞɨɤаɡɵɜаɟɬɫя 

Ɍɟɨɪɟɦɚ 4. ɉɭɫɬɶ , ,
d

G f der G   – аɛɟɥɟɜа 
n–аɪɧаɹ ɝɪɭɩɩа. Ʉаɠɞɨɟ ɨɬɨɛɪаɠɟɧɢɟ 

: G G   ɹɜɥɹɟɬɫɹ ɷɧɞɨмɨɪɮɢɡмɨм n–аɪɧɨɣ 

ɝɪɭɩɩɵ ,G f  ɬɨɝɞа ɢ ɬɨɥɶкɨ ɬɨɝɞа, кɨɝɞа 

ɧаɣɞɭɬɫɹ ɷɧɞɨмɨɪɮɢɡм   ɝɪɭɩɩɵ ,G   ɢ 
ɷɥɟмɟɧɬ u G  ɬакɢɟ, ɱɬɨ   ɞɟɣɫɬɜɭɟɬ ɩɨ 
ɩɪаɜɢɥɭ ( ) ( )x x u    ɢ ɜɵɩɨɥɧɟɧɨ ɭɫɥɨɜɢɟ 

( ) ( 1) .d n u d         

 (6) 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ɇɟɨɛɯɨɞɢɦɨɫɬɶ. ɉɭɫɬɶ   – 

ɷɧɞɨɦɨɪɮɢɡɦ n–аɪɧɨɣ ɝɪɭɩɩɵ ,G f ɢ c  – ɧɭɥɶ 

ɜ ɝɪɭɩɩɟ ,G  . Ɂаɦɟɬɢɦ, чɬɨ, ɫɨɝɥаɫɧɨ ɬɟɨɪɟɦɟ 
β ɢ ɪаɜɟɧɫɬɜɭ (4), 

{
3

( , ,..., , , )
n

a b f a c c c b


  .    

  

ɉɭɫɬɶ ( )u c . Ɉɩɪɟɞɟɥɢɦ ɨɬɨɛɪаɠɟɧɢɟ 
: G G   ɩɨ ɩɪаɜɢɥɭ ( ) ( )x x u   . 

ɉɨɤаɠɟɦ, чɬɨ   – ɷɧɞɨɦɨɪɮɢɡɦ ɝɪɭɩɩɵ ,G  . 

Ⱦɥя ɥɸɛɵɯ ,a b G , ɢɫɩɨɥɶɡɭя ɬɟɨɪɟɦɵ 1, 2, 

ɩɨɥɭчɢɦ 

{
3

( ) ( ( , ,..., , , )) ( )
n

a b f a c c c b c  


     

3

( ( ), ( ),..., ( ), ( ), ( )) ( )

n

f a c c c b c     


  
1 44 2 4 43

 

3

( ) ( ) ... ( ) ( ) ( ) ( )

n

a c c c b d c     


        
1 4 4 2 4 43

 

2

( ) ( ) ( ) ( ) ( ) ... ( ) ( )

n

a c b c c c c d      


         
1 4 4 2 4 4 3

 

2

( ( ) ( ) ( ) ( ) ( ) ... ( ) ( ) ( ) (

n

f a c b c c c c d a        


          
1 4 4 2 4 4 3

. 

ɂɬаɤ,   – ɷɧɞɨɦɨɪɮɢɡɦ ɝɪɭɩɩɵ ,G   ɢ 
ɡаɞаɧɧɵɣ ɷɧɞɨɦɨɪɮɢɡɦ   n–аɪɧɨɣ ɝɪɭɩɩɵ 

,G f  ɞɟɣɫɬɜɭɟɬ ɩɨ ɩɪаɜɢɥɭ ( ) ( )x x u   . 

ɉɨɤаɠɟɦ ɜɵɩɨɥɧɢɦɨɫɬɶ ɭɫɥɨɜɢя (6), ɢɫɩɨɥɶɡɭя 

(2): 

{

{

( ) ( ( ,..., )) ( ( ),..., ( ))

( ,..., )

n n

n

d f c c u f c c u

f u u u

    

  

1 44 2 4 43
   

 

... ( 1) .
n

u u d u n u d       14 2 43  

ɇɟɨɛɯɨɞɢɦɨɫɬɶ ɞɨɤаɡаɧа. 

Ⱦɨɫɬɚɬɨɱɧɨɫɬɶ. ɉɭɫɬɶ ɢɦɟɸɬɫя ɷɧɞɨɦɨɪɮɢɡɦ   

ɝɪɭɩɩɵ ,G   ɢ ɷɥɟɦɟɧɬ u G  ɬаɤɢɟ, чɬɨ 
ɜɵɩɨɥɧɟɧɨ ɭɫɥɨɜɢɟ (6). Ɂаɞаɞɢɦ ɨɬɨɛɪаɠɟɧɢɟ   
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ɢɡ G  ɜ G  ɩɨ ɩɪаɜɢɥɭ: ɞɥя ɥɸɛɨɝɨ x G , 

( ) ( )x x u   . ɉɨɤаɠɟɦ, чɬɨ   яɜɥяɟɬɫя 
ɷɧɞɨɦɨɪɮɢɡɦɨɦ n–аɪɧɨɣ ɝɪɭɩɩɵ ,G f . ɉɭɫɬɶ 

1,...,
n

x x G . ɂɫɩɨɥɶɡɭя (β), (6), ɩɨɥɭчɢɦ 

1 1

1

( ( ,..., )) ( ( ,..., ))

( ... )

n n

n

f x x f x x u

x x d u

  
     

 


 

1

1

( ) ... ( ) ( ) u

( ) ... ( ) ( 1)

n

n

x x d

x x n u d u

     
       

  
 

 

1 1( ) ... ( ) ( ( ),..., ( )).
n n

x x d f x x         

Ɍɟɨɪɟɦа ɞɨɤаɡаɧа. 

ɐɢɤɥɢɱɟɫɤɢɟ n–аɪɧые гɪуɩɩы 

n–Ⱥɪɧɵɦ аɧаɥɨɝɨɦ ɤɪаɬɧɨɫɬɢ ɷɥɟɦɟɧɬа ɜ ɝɪɭɩɩɟ 
яɜɥяɟɬɫя n–аɪɧая ɤɪаɬɧɨɫɬɶ ɷɥɟɦɟɧɬа ɜ n–аɪɧɨɣ 
ɝɪɭɩɩɟ. Ɋɟɡɭɥɶɬаɬ ɩɪɢɦɟɧɟɧɢя k  ɪаɡ ( 0)k   

ɨɩɟɪаɰɢɢ f  ɤ ( 1) 1k n    ɨɞɢɧаɤɨɜɵɦ 
ɷɥɟɦɟɧɬаɦ, ɤɨɬɨɪɵɟ ɪаɜɧɵ ɷɥɟɦɟɧɬɭ a , 

ɧаɡɵɜаɟɬɫя ɩɨɥɨɠɢɬɟɥɶɧɨɣ k–ɬɨɣ n–аɪɧɨɣ 
ɤɪаɬɧɨɫɬɶɸ ɷɥɟɦɟɧɬа a  ɢ ɨɛɨɡɧачаɟɬɫя n

k a . 

ɉɨɥаɝаɸɬ 0
n

a a  . Ɉɬɪɢɰаɬɟɥɶɧɭɸ k–ɬɭɸ n–
аɪɧɭɸ ɤɪаɬɧɨɫɬɶ ɷɥɟɦɟɧɬа a  ɨɩɪɟɞɟɥяɸɬ ɤаɤ 
ɪɟɲɟɧɢɟ ɭɪаɜɧɟɧɢя 

( 1)

( ,..., , )

k n

f a a x a

 


1 2 3

. Ɍаɤɢɦ 

ɨɛɪаɡɨɦ, ɩɪɢ 0k   ɜɟɪɧɨ ɪаɜɟɧɫɬɜɨ 

( 1) 1

( ,..., )
n

k n

k a f a a

 

 
1 2 3

, а ɩɪɢ 0k   ɜɟɪɧɨ ɪаɜɟɧɫɬɜɨ 

( 1)

( ,..., , )
n

k n

f a a k a a

 

 
1 2 3

. Ɉɬɦɟɬɢɦ ɨɫɧɨɜɧɵɟ ɫɜɨɣɫɬɜа 

n–аɪɧɨɣ ɤɪаɬɧɨɫɬɢ (ɢɯ ɦɨɠɧɨ 

ɧаɣɬɢ ɜ ɪаɛɨɬаɯ ДγЖ, Д5Ж, Д6Ж). 

Ɍɟɨɪɟɦɚ 5. ȼ n–аɪɧɨɣ ɝɪɭɩɩɟ ,G f   (ɧɟ 
ɨɛɹɡаɬɟɥɶɧɨ аɛɟɥɟɜɨɣ) ɞɥɹ ɥɸɛɨɝɨ ɷɥɟмɟɧɬа a  

ɢɡ G  ɢ ɥɸɛɵɯ цɟɥɵɯ ɱɢɫɟɥ 1,..., ,
n

k k k  ɜɟɪɧɵ 
ɪаɜɟɧɫɬɜа 

1) 1 1( ,..., ) ( ... 1) ;
n n n n n

f k a k a k k a        

2) 1 2 1 2 1 2( ) ( ( 1) ) ;
n n n

k k a k k n k k a        

3) ( 1) ;
n

a a    

4) ( ( 2) 1) .
n n n

k a k n a k a         

 ɇɟ ɫɥɨɠɧɨ ɩɨɤаɡаɬɶ (ɫɦ. ДγЖ, Д5Ж, Д6Ж), чɬɨ ɜ n–
аɪɧɨɣ ɝɪɭɩɩɟ ,G f  ɞɥя ɮɢɤɫɢɪɨɜаɧɧɨɝɨ 

ɷɥɟɦɟɧɬа a  ɦɧɨɠɟɫɬɜɨ a  ɜɫɟɯ n–аɪɧɵɯ 
ɤɪаɬɧɨɫɬɟɣ ɷɥɟɦɟɧɬа a  яɜɥяɟɬɫя n–аɪɧɨɣ 
ɩɨɞɝɪɭɩɩɨɣ, ɤɨɬɨɪɭɸ ɧаɡɵɜаɸɬ ɰɢɤɥɢчɟɫɤɨɣ n–
аɪɧɨɣ ɩɨɞɝɪɭɩɩɨɣ. n–Ⱥɪɧая ɝɪɭɩɩа ,G f  

ɧаɡɵɜаɟɬɫя ɰɢɤɥɢчɟɫɤɨɣ ɫ ɩɨɪɨɠɞаɸщɢɦ 
ɷɥɟɦɟɧɬɨɦ a , ɟɫɥɢ ɨɧа ɫɨɜɩаɞаɟɬ ɫ ɨɞɧɨɣ ɢɡ 

ɫɜɨɢɯ ɰɢɤɥɢчɟɫɤɢɯ n–аɪɧɵɯ ɩɨɞɝɪɭɩɩ ,a f . 

Ɉчɟɜɢɞɧɨ, ɥɸɛая ɰɢɤɥɢчɟɫɤая n–аɪɧая ɝɪɭɩɩа 
яɜɥяɟɬɫя аɛɟɥɟɜɨɣ. 
ɉɪɢɦɟɪɨɦ ɛɟɫɤɨɧɟчɧɨɣ ɰɢɤɥɢчɟɫɤɨɣ n–аɪɧɨɣ 
ɝɪɭɩɩɵ ɫɥɭɠɢɬ n–аɪɧая ɝɪɭɩɩа 

1, , ,Z f der Z   

1–ɩɪɨɢɡɜɨɞɧая ɨɬ аɞɞɢɬɢɜɧɨɣ ɝɪɭɩɩɵ ɰɟɥɵɯ 
чɢɫɟɥ. Ɉɩɟɪаɰɢя f  ɞɟɣɫɬɜɭɟɬ ɩɨ ɩɪаɜɢɥɭ 

1 1( ,..., ) ... 1
n n

f z z z z    . ȼɫяɤɨɟ ɰɟɥɨɟ чɢɫɥɨ k  

яɜɥяɟɬɫя k–ɨɣ n–аɪɧɨɣ ɤɪаɬɧɨɫɬɶɸ чɢɫɥа 0, ɬ.ɟ. 0 
ɫɥɭɠɢɬ ɩɨɪɨɠɞаɸщɢɦ ɷɥɟɦɟɧɬɨɦ ɛɟɫɤɨɧɟчɧɨɣ 
ɰɢɤɥɢчɟɫɤɨɣ n–аɪɧɨɣ ɝɪɭɩɩɵ ,Z f . 

ɉɪɢɦɟɪɨɦ ɤɨɧɟчɧɨɣ ɰɢɤɥɢчɟɫɤɨɣ n–аɪɧɨɣ 
ɝɪɭɩɩɵ ɩɨɪяɞɤа k  ɫɥɭɠɢɬ n–аɪɧая ɝɪɭɩɩа 

1, , ,
k k

Z f der Z   

1–ɩɪɨɢɡɜɨɞɧая ɨɬ аɞɞɢɬɢɜɧɨɣ ɝɪɭɩɩɵ ɤɨɥɶɰа 
ɤɥаɫɫɨɜ ɜɵчɟɬɨɜ ɩɨ ɦɨɞɭɥɸ k . Ɉɩɟɪаɰɢя f  

ɞɟɣɫɬɜɭɟɬ ɬаɤ ɠɟ, ɤаɤ ɜ ɩɪɟɞɵɞɭщɟɦ ɩɪɢɦɟɪɟ, 
ɬɨɥɶɤɨ ɫɤɥаɞɵɜаɸɬɫя чɢɫɥа ɩɨ ɦɨɞɭɥɸ k . 

ȼɫяɤɨɟ чɢɫɥɨ s  ɢɡ k
Z  яɜɥяɟɬɫя s–ɬɨɣ n–аɪɧɨɣ 

ɤɪаɬɧɨɫɬɶɸ чɢɫɥа 0, ɬ.ɟ. 0 ɫɥɭɠɢɬ ɩɨɪɨɠɞаɸщɢɦ 
ɷɥɟɦɟɧɬɨɦ ɤɨɧɟчɧɨɣ ɰɢɤɥɢчɟɫɤɨɣ n–аɪɧɨɣ 
ɝɪɭɩɩɵ ,

k
Z f . 

ɋɥɟɞɭɸщая ɬɟɨɪɟɦа ɩɨɤаɡɵɜаɟɬ, чɬɨ ɷɬɢɦɢ 
ɩɪɢɦɟɪаɦɢ ɢɫчɟɪɩɵɜаɸɬɫя, ɩɨ ɫɭщɟɫɬɜɭ, ɜɫɟ 
ɰɢɤɥɢчɟɫɤɢɟ n–аɪɧɵɟ ɝɪɭɩɩɵ. 

Ɍɟɨɪɟɦɚ 6. [3], [5]. Ʌɸɛɵɟ ɞɜɟ цɢкɥɢɱɟɫкɢɟ n–
аɪɧɵɟ ɝɪɭɩɩɵ, ɛɟɫкɨɧɟɱɧɵɟ ɢɥɢ кɨɧɟɱɧɵɟ ɨɞɧɨɝɨ 
ɢ ɬɨɝɨ ɠɟ ɩɨɪɹɞка, ɢɡɨмɨɪɮɧɵ. 

Ʉаɤ ɢ ɜ ɝɪɭɩɩаɯ, ɝɨɦɨɦɨɪɮɧɵɣ ɨɛɪаɡ 
ɰɢɤɥɢчɟɫɤɨɣ n–аɪɧɨɣ ɝɪɭɩɩɵ ɫ ɩɨɪɨɠɞаɸщɢɦ 
ɷɥɟɦɟɧɬɨɦ a  яɜɥяɟɬɫя ɰɢɤɥɢчɟɫɤɨɣ n–аɪɧɨɣ 
ɝɪɭɩɩɨɣ, ɤɨɬɨɪая ɩɨɪɨɠɞаɟɬɫя ɨɛɪаɡɨɦ ɷɥɟɦɟɧɬа 
a  (ɩɪɨɜɟɪяɟɬɫя ɧɟɩɨɫɪɟɞɫɬɜɟɧɧɨ). 

Ⱥɛɟɥɟɜɵ ɩɨɥɭɰɢɤɥɢɱɟɫɤɢɟ n–аɪɧые 
гɪуɩɩы 

ȼ ɬɟɨɪɢɢ аɛɟɥɟɜɵɯ ɝɪɭɩɩ ɩɪɢ ɩɨɫɬɪɨɟɧɢɢ 
ɤɨɧɟчɧɨ-ɩɨɪɨɠɞɟɧɧɵɯ ɝɪɭɩɩ ɨɫɧɨɜɧɵɦɢ 
ɨɛɴɟɤɬаɦɢ яɜɥяɸɬɫя ɰɢɤɥɢчɟɫɤɢɟ ɝɪɭɩɩɵ. 
Ɉɞɧаɤɨ ɜ ɬɟɨɪɢɢ аɛɟɥɟɜɵɯ n–аɪɧɵɯ ɝɪɭɩɩ 
ɬаɤɢɦɢ ɨɛɴɟɤɬаɦɢ яɜɥяɸɬɫя ɧɟ ɰɢɤɥɢчɟɫɤɢɟ, а 
аɛɟɥɟɜɵ ɩɨɥɭɰɢɤɥɢчɟɫɤɢɟ n–аɪɧɵɟ ɝɪɭɩɩɵ (ɫɦ. 
ɩɪɟɞɥɨɠɟɧɢɟ 5 ɧа ɫɬɪ. γ1 ɜ Д1βЖ). 
Ⱥɛɟɥɟɜɭ n–аɪɧɭɸ ɝɪɭɩɩɭ ɧаɡɵɜаɸɬ 
ɩɨɥɭɰɢɤɥɢчɟɫɤɨɣ Д6Ж, ɟɫɥɢ ɟɟ ɪɟɞɭɤɬ яɜɥяɟɬɫя 
ɰɢɤɥɢчɟɫɤɨɣ ɝɪɭɩɩɨɣ. Ɉчɟɜɢɞɧɨ, ɥɸɛая 
ɰɢɤɥɢчɟɫɤая n–аɪɧая ɝɪɭɩɩа яɜɥяɟɬɫя 
ɩɨɥɭɰɢɤɥɢчɟɫɤɨɣ. Ɂаɦɟɬɢɦ, чɬɨ аɧаɥɨɝɢчɧɨ 
ɦɨɠɧɨ ɩɨɫɬɪɨɢɬɶ ɰɢɤɥɢчɟɫɤɭɸ ɝɪɭɩɩɭ ɧа n–
аɪɧɨɣ ɝɪɭɩɩɟ, ɧɟ ɨɛяɡаɬɟɥɶɧɨ аɛɟɥɟɜɨɣ (ɫɦ., 
ɧаɩɪɢɦɟɪ, Д16Ж), ɬаɤɢɟ n–аɪɧɵɟ ɝɪɭɩɩɵ ɬаɤɠɟ 
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ɧаɡɵɜаɸɬ ɩɨɥɭɰɢɤɥɢчɟɫɤɢɦɢ. ɇаɫ ɢɧɬɟɪɟɫɭɸɬ 
ɬɨɥɶɤɨ аɛɟɥɟɜɵ ɩɨɥɭɰɢɤɥɢчɟɫɤɢɟ n–аɪɧɵɟ 
ɝɪɭɩɩɵ. 
n–Ⱥɪɧая ɝɪɭɩɩа , ,

l
Z f der Z  ,  

l–ɩɪɨɢɡɜɨɞɧая ɨɬ аɞɞɢɬɢɜɧɨɣ ɝɪɭɩɩɵ ɰɟɥɵɯ 
чɢɫɟɥ, яɜɥяɟɬɫя ɩɪɢɦɟɪɨɦ ɛɟɫɤɨɧɟчɧɨɣ аɛɟɥɟɜɨɣ 
ɩɨɥɭɰɢɤɥɢчɟɫɤɨɣ n–аɪɧɨɣ ɝɪɭɩɩɵ. Ɉɩɟɪаɰɢя f  

ɞɟɣɫɬɜɭɟɬ ɩɨ ɩɪаɜɢɥɭ: 1 1( ,..., ) ...
n n

f z z z z l    . 

Ɍɟɨɪɟɦɚ 7. Д1θ]. Ʌɸɛаɹ ɛɟɫкɨɧɟɱɧаɹ аɛɟɥɟɜа 
ɩɨɥɭцɢкɥɢɱɟɫкаɹ n–аɪɧаɹ ɝɪɭɩɩа ɢɡɨмɨɪɮɧа n-

аɪɧɨɣ ɝɪɭɩɩɟ , ,
k l k

Z f der Z  , ɝɞɟ 

( 1, )l ɇɈД n k . 

Ⱦɜɟ n–аɪɧɵɟ ɝɪɭɩɩɵ 
11, ,
l

Z f der Z   ɢ 

22, ,
l

Z f der Z  , ɝɞɟ 1 2l l  ɢ 

1 2

1
0 ,

2

n
l l

     
, ɧɟ ɢɡɨɦɨɪɮɧɵ, а ɩɨɷɬɨɦɭ 

ɤɨɥɢчɟɫɬɜɨ ɪаɡɥɢчɧɵɯ ɛɟɫɤɨɧɟчɧɵɯ аɛɟɥɟɜɵɯ 
ɩɨɥɭɰɢɤɥɢчɟɫɤɢɯ n–аɪɧɵɯ ɝɪɭɩɩ ɫ ɬɨчɧɨɫɬɶɸ ɞɨ 

ɢɡɨɦɨɪɮɢɡɦа ɪаɜɧɨ 1
1

2

n    
 (ɫɦ. Д17Ж). Ȼɭɞɟɦ 

ɝɨɜɨɪɢɬɶ, чɬɨ аɛɟɥɟɜа ɩɨɥɭɰɢɤɥɢчɟɫɤая 

n–аɪɧая ɝɪɭɩɩа ɢɦɟɟɬ ɬɢɩ ( , )l , ɟɫɥɢ ɨɧа ɩɪɢ 

ɮɢɤɫɢɪɨɜаɧɧɨɦ l , ɝɞɟ 1
0

2

n
l

     
, ɢɡɨɦɨɪɮɧа 

n–аɪɧɨɣ ɝɪɭɩɩɟ , ,
l

Z f der Z  ɩɨ ɬɟɨɪɟɦɟ 7. 
Ⱥɛɟɥɟɜа ɩɨɥɭɰɢɤɥɢчɟɫɤая n–аɪɧая ɝɪɭɩɩа ɬɢɩа 
( , )l  ɛɭɞɟɬ ɰɢɤɥɢчɟɫɤɨɣ. 
ɉɪɢɦɟɪɨɦ ɤɨɧɟчɧɨɣ аɛɟɥɟɜɨɣ ɩɨɥɭɰɢɤɥɢчɟɫɤɨɣ 
n–аɪɧɨɣ ɝɪɭɩɩɵ ɩɨɪяɞɤа k  ɫɥɭɠɢɬ n–аɪɧая 
ɝɪɭɩɩа , ,

k l k
Z f der Z  , l–ɩɪɨɢɡɜɨɞɧая ɨɬ 

аɞɞɢɬɢɜɧɨɣ ɝɪɭɩɩɵ ɤɨɥɶɰа ɤɥаɫɫɨɜ ɜɵчɟɬɨɜ ɩɨ 
ɦɨɞɭɥɸ k . Ɉɩɟɪаɰɢя f  ɞɟɣɫɬɜɭɟɬ ɬаɤ ɠɟ, ɤаɤ ɜ 
ɩɪɟɞɵɞɭщɟɦ ɩɪɢɦɟɪɟ, ɬɨɥɶɤɨ ɫɤɥаɞɵɜаɸɬɫя 
чɢɫɥа ɩɨ ɦɨɞɭɥɸ k . 

Ɍɟɨɪɟɦɚ 8. Д1θ]. Ʌɸɛаɹ кɨɧɟɱɧаɹ аɛɟɥɟɜа 
ɩɨɥɭцɢкɥɢɱɟɫкаɹ n–аɪɧаɹ ɝɪɭɩɩа ɩɨɪɹɞка k  

ɢɡɨмɨɪɮɧа n–аɪɧɨɣ ɝɪɭɩɩɟ , ,
k l k

Z f der Z  , 

ɝɞɟ ( 1, )l ɇɈД n k . 

n–Ⱥɪɧɵɟ ɝɪɭɩɩɵ 
11, ,

k l k
Z f der Z   ɢ 

22, ,
k l k

Z f der Z  , ɝɞɟ 1 2l l  ɢ 

1 2, ( 1, )l l ɇɈД ɬ k , ɧɟ ɢɡɨɦɨɪɮɧɵ, а ɩɨɷɬɨɦɭ 
ɤɨɥɢчɟɫɬɜɨ ɪаɡɥɢчɧɵɯ ɤɨɧɟчɧɵɯ аɛɟɥɟɜɵɯ 
ɩɨɥɭɰɢɤɥɢчɟɫɤɢɯ n–аɪɧɵɯ ɝɪɭɩɩ ɨɞɧɨɝɨ ɢ ɬɨɝɨ 
ɠɟ ɩɨɪяɞɤа k  ɫ ɬɨчɧɨɫɬɶɸ ɞɨ ɢɡɨɦɨɪɮɢɡɦа 
ɪаɜɧɨ ɤɨɥɢчɟɫɬɜɭ ɧаɬɭɪаɥɶɧɵɯ ɞɟɥɢɬɟɥɟɣ 

( ( 1, ))ɇɈД n k   чɢɫɥа ( 1, )ɇɈД n k  Д17Ж. Ȼɭɞɟɦ 
ɝɨɜɨɪɢɬɶ, чɬɨ аɛɟɥɟɜа ɩɨɥɭɰɢɤɥɢчɟɫɤая n–аɪɧая 

ɝɪɭɩɩа ɢɦɟɟɬ ɬɢɩ ( , )k l , ɟɫɥɢ ɨɧа ɩɪɢ 
ɮɢɤɫɢɪɨɜаɧɧɨɦ l , ɝɞɟ ( 1, )l ɇɈД n k , 

ɢɡɨɦɨɪɮɧа n–аɪɧɨɣ ɝɪɭɩɩɟ , ,
k l k

Z f der Z  , 

ɩɨ ɬɟɨɪɟɦɟ 8. Ⱥɛɟɥɟɜа ɩɨɥɭɰɢɤɥɢчɟɫɤая n–аɪɧая 
ɝɪɭɩɩа ɬɢɩа ( ,1)k   ɛɭɞɟɬ ɰɢɤɥɢчɟɫɤɨɣ. 

(n,2)–Ʉɨɥɶɰɨ ɷɧɞɨɦɨɪɮɢɡɦɨɜ ɚɛɟɥɟɜɨɣ 
n–аɪɧɨй гɪуɩɩы 

ȼ Д18Ж аɥɝɟɛɪɭ , ,A f g  ɫ n–аɪɧɨɣ ɨɩɟɪаɰɢɟɣ f  

ɢ m–аɪɧɨɣ ɨɩɟɪаɰɢɟɣ g  ɧаɡɵɜаɸɬ (n, m)–
ɤɨɥɶɰɨɦ, ɟɫɥɢ ,A f  яɜɥяɟɬɫя аɛɟɥɟɜɨɣ n–аɪɧɨɣ 

ɝɪɭɩɩɨɣ, ,A g  яɜɥяɟɬɫя m–аɪɧɨɣ ɩɨɥɭɝɪɭɩɩɨɣ 
(m–аɪɧɵɦ ɝɪɭɩɩɨɢɞɨɦ ɫ ɨɛɨɛщɟɧɧɵɦ ɡаɤɨɧɨɦ 
аɫɫɨɰɢаɬɢɜɧɨɫɬɢ) ɢ ɞɥя 1,...,i m  ɜɵɩɨɥɧɟɧɵ 
ɫɥɟɞɭɸщɢɟ ɡаɤɨɧɵ ɞɢɫɬɪɢɛɭɬɢɜɧɨɫɬɢ 

1 1 1 1( ,..., , ( ,..., ), ,..., )
i n i m

g y y f x x y y    

1 1 1

1 1 1

( ( ,..., , , ,...,

( ,..., , , ,..., )).

i i

i i m

f g y y x y

g y y x y y

 

 


 (7) 

ȼ ɪаɛɨɬɟ Д19Ж ɞɨɤаɡаɧа 

Ɍɟɨɪɟɦɚ 9. (А.A.DuНОk). Ɇɧɨɠɟɫɬɜɨ 1,End A f  

ɜɫɟɯ ɷɧɞɨмɨɪɮɢɡмɨɜ аɛɟɥɟɜɨɣ n–аɪɧɨɣ ɝɪɭɩɩɵ 
1,A f  ɫ n–аɪɧɨɣ ɨɩɟɪацɢɟɣ f , ɞɟɣɫɬɜɭɸɳɟɣ ɩɨ 

ɩɪаɜɢɥɭ 

1 1 1( ,..., )( ) ( ( ),..., ( )
n n

f x f x x    ( )x A , (8) 

ɢ ɛɢɧаɪɧɨɣ ɨɩɟɪацɢɟɣ o – кɨмɩɨɡɢцɢɟɣ 
ɷɧɞɨмɨɪɮɢɡмɨɜ, ɹɜɥɹɟɬɫɹ (n,2)–кɨɥɶцɨм ɫ 

ɟɞɢɧɢцɟɣ. 

Ɉчɟɜɢɞɧɨ, ɭɧаɪɧая ɨɩɟɪаɰɢя :h x x  яɜɥяɟɬɫя 
ɷɧɞɨɦɨɪɮɢɡɦɨɦ ɜ аɛɟɥɟɜɨɣ n–аɪɧɨɣ ɝɪɭɩɩɟ 

1,A f . 

Ɍɟɨɪɟɦɚ 10. ɍɧаɪɧаɹ ɨɩɟɪацɢɹ :h x x  

ɹɜɥɹɟɬɫɹ кɨɫɵм ɷɥɟмɟɧɬɨм ɞɥɹ 
ɬɨɠɞɟɫɬɜɟɧɧɨɝɨ ɨɬɨɛɪаɠɟɧɢɹ 1

A  ɜ (n, 2)–

кɨɥɶцɟ 
1, , ,End A f f o , ɬ.ɟ. 1A

h . 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ɉɭɫɬɶ x A . Ɍɨɝɞа 

{

1

1 1

1

1

(1 ,...,1 , )( ) (1 ( ),...,1 ( ) , ( ))

( ,..., , ) .

A A A A

n n

n

f h x f x x h x

f x x x x

 



 

 

14 2 43 1 44 2 4 43

 

Ɂɧачɢɬ, (1 ,...,1 , ) 1
A A A

f h  , ɬ.ɟ. 1
A

h . Ɍɟɨɪɟɦа 
ɞɨɤаɡаɧа. 
Ⱦаɥɟɟ ɪаɫɫɦɨɬɪɢɦ ɩɪɢɦɟɪɵ (n,2)–ɤɨɥɟɰ 
ɷɧɞɨɦɨɪɮɢɡɦɨɜ аɛɟɥɟɜɵɯ n–аɪɧɵɯ ɝɪɭɩɩ. 

ɉɪɢɦɟɪ 1. ɉɭɫɬɶ 1,Z f  – ɛɟɫɤɨɧɟчɧая 
ɰɢɤɥɢчɟɫɤая n–аɪɧая ɝɪɭɩɩа, ɝɞɟ Z  – ɰɟɥɵɟ 
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чɢɫɥа, 1 1 1( ,..., ) ... 1
n n

f z z z z    , ɝɞɟ   – 

ɫɥɨɠɟɧɢɟ ɰɟɥɵɯ чɢɫɟɥ (ɫɦ. ɜɵɲɟ). ɇа Z  

ɨɩɪɟɞɟɥɢɦ ɛɢɧаɪɧɭɸ ɨɩɟɪаɰɢɸ   ɩɨ ɩɪаɜɢɥɭ 
( 1)y z y z n y z       , ɝɞɟ   – ɨɛɵчɧɨɟ 

ɭɦɧɨɠɟɧɢɟ ɰɟɥɵɯ чɢɫɟɥ. Ⱥɫɫɨɰɢаɬɢɜɧɨɫɬɶ 
ɨɩɟɪаɰɢɢ   ɩɪɨɜɟɪяɟɬɫя ɧɟɩɨɫɪɟɞɫɬɜɟɧɧɨ. 
Ʉɪɨɦɟ ɬɨɝɨ, 

1 1 1

1

( ,..., ) ( ... 1)

( 1) ... 1

n n

n

y f z z y z z

n y z z

      
       

 

1

1

( 1) ... ( 1)

( 1) ... 1

n

n

y z n y z n

y n y z z

         
        

 

1 1

1 1

( 1) ... ( 1) 1

( ,..., ).

n n

n

y z n y z y z n y z

f y z y z

              
  

 

Ⱥɧаɥɨɝɢчɧɨ 1 1 1 1( ,..., ) ( ,..., )
n n

f z z y f z y z y    . 

Ɇɵ ɩɨɥɭчɢɥɢ (n, 2)–ɤɨɥɶɰɨ 1, ,Z f  , ɤɨɬɨɪɨɟ 

ɧаɡɨɜɟɦ (n, 2)– ɤɨɥɶɰɨɦ ɰɟɥɵɯ чɢɫɟɥ. 
ɋɨɝɥаɫɧɨ ɡаɦɟчаɧɢɸ ɜ ɤɨɧɰɟ ɩɭɧɤɬа γ, ɥɸɛɨɣ 
ɷɧɞɨɦɨɪɮɢɡɦ   аɛɟɥɟɜɨɣ n–аɪɧɨɣ ɝɪɭɩɩɵ 

1,Z f  ɜɩɨɥɧɟ ɨɩɪɟɞɟɥяɟɬɫя чɢɫɥɨɦ 
(0) b Z   , ɩɪɢчɟɦ, ɨчɟɜɢɞɧɨ, ɞɥя ɤаɠɞɨɝɨ 

ɰɟɥɨɝɨ чɢɫɥа b  ɫɭщɟɫɬɜɭɟɬ ɬаɤɨɣ ɷɧɞɨɦɨɪɮɢɡɦ 
 , чɬɨ (0) b  . ɍɫɬаɧɨɜɢɦ ɫɨɨɬɜɟɬɫɬɜɢɟ 

: b    ɦɟɠɞɭ 1,End Z f  ɢ Z ɬаɤɨɟ, чɬɨ 
(0) b  . ɂɡ ɜɵɲɟ ɫɤаɡаɧɧɨɝɨ ɫɥɟɞɭɟɬ 

ɛɢɟɤɬɢɜɧɨɫɬɶ  . Ⱦаɥɟɟ, ɟɫɥɢ 

1 1,..., ,
n

End Z f    ɢ (0)
i i

b  , 1,...,i n , ɬɨ, 
ɫɨɝɥаɫɧɨ (8), ɩɨɥɭчɢɦ 

1 1 1 1 1( ,..., )(0) ( (0),..., (0)) ( ,..., ),
n n n

f f f b b      

а ɡɧачɢɬ, 
1 1 1 1 1( ( ,..., )) ( ,..., ) ( ( ),..., ( ))

n n n
f f b b f        . 

Ʉɪɨɦɟ ɬɨɝɨ, ɞɥя ɥɸɛɵɯ 1, ,End Z f    

ɩɨɥаɝаɟɦ 1(0) b  , 2(0) b  . Ɍɨɝɞа ɞɥя ɥɸɛɨɝɨ 
ɰɟɥɨɝɨ чɢɫɥа z  ɩɨɥɭчɢɦ 

1( ) ( 0) (0)
n n n

z z z z b        , аɧаɥɨɝɢчɧɨ 

2( )
n

z z b   . Ɍɨɝɞа, ɢɫɩɨɥɶɡɭя ɫɜɨɣɫɬɜɨ β ɢɡ 
ɬɟɨɪɟɦɵ 5, ɩɨɥɭчɢɦ 

2 2 1 2 1(0) ( (0)) ( ) ( 0)
n n n

b b b b b           o  

1 2 1 2 1 2 1 2( ( 1) ) 0 ( 1) .
n

b b n b b b b n b b              

+ b2. 

Ɂɧачɢɬ, 

1 2 1 2 1 2( ) ( 1) ( ) ( ).b b n b b b b               o

 

Ɍаɤɢɦ ɨɛɪаɡɨɦ,   — ɢɡɨɦɨɪɮɢɡɦ ɢɡ (n,2)–
ɤɨɥɶɰа ɷɧɞɨɦɨɪɮɢɡɦɨɜ 

1, , ,End Z f f o  ɜ (n, 

2)–ɤɨɥɶɰɨ ɰɟɥɵɯ чɢɫɟɥ 1, ,Z f  , ɬ.ɟ. 

1 1, , , , , .End Z f f Z f o  

ɉɪɢɦɟɪ 2. ɉɭɫɬɶ 1, ,
k k k

Z f der Z   – 

ɤɨɧɟчɧая ɰɢɤɥɢчɟɫɤая n–аɪɧая ɝɪɭɩɩа ɩɨɪяɞɤа 

k , ɝɞɟ k
Z  – аɞɞɢɬɢɜɧая ɝɪɭɩɩа ɤɨɥɶɰа ɤɥаɫɫɨɜ 

ɜɵчɟɬɨɜ ɩɨ ɦɨɞɭɥɸ k . ɗɬа ɰɢɤɥɢчɟɫɤая n-аɪɧая 
ɝɪɭɩɩа ɩɨɪɨɠɞаɟɬɫя ɧɭɥɟɦ, ɬ.ɟ. ɜɫяɤɨɟ чɢɫɥɨ s  

ɢɡ k
Z  яɜɥяɟɬɫя s–ɬɨɣ n–аɪɧɨɣ  ɤɪаɬɧɨɫɬɶɸ чɢɫɥа 

0, ɬ.ɟ. 0
n

s s  . Ʉɪɨɦɟ ɬɨɝɨ, n–аɪɧая ɨɩɟɪаɰɢя 1f  

ɩɨ ɩɪаɜɢɥɭ 1 1 1( ,..., ) ... 1
n n

f s s s s    , ɝɞɟ   — 

ɫɥɨɠɟɧɢɟ ɩɨ ɦɨɞɭɥɸ k  (ɫɦ. ɜɵɲɟ). 

ɇа k
Z  ɨɩɪɟɞɟɥɢɦ ɛɢɧаɪɧɭɸ ɨɩɟɪаɰɢɸ   ɩɨ 

ɩɪаɜɢɥɭ ( 1)y z y z n y z       , ɝɞɟ   — 

ɭɦɧɨɠɟɧɢɟ ɜ ɤɨɥɶɰɟ ɤɥаɫɫɨɜ ɜɵчɟɬɨɜ ɩɨ ɦɨɞɭɥɸ 
k . Ɍɨɝɞа, ɤаɤ ɢ ɜ ɩɪɢɦɟɪɟ 1, ɨɩɟɪаɰɢя   

аɫɫɨɰɢаɬɢɜɧа, ɤɪɨɦɟ ɬɨɝɨ, 

1 1 1 1( ,..., ) ( ,..., )
n n

y f z z f y z y z     ɢ 

1 1 1 1( ,..., ) ( ,..., ).
n n

f z z y f z y z y     

Ɇɵ ɩɨɥɭчɢɥɢ (n, 2)–ɤɨɥɶɰɨ 1, ,Z f  , ɤɨɬɨɪɨɟ 
ɧаɡɨɜɟɦ (n, 2)–ɤɨɥɶɰɨɦ ɤɥаɫɫɨɜ ɜɵчɟɬɨɜ ɩɨ 
ɦɨɞɭɥɸ k . 

ɋɨɝɥаɫɧɨ ɡаɦɟчаɧɢɸ ɜ ɤɨɧɰɟ ɩɭɧɤɬа γ, ɥɸɛɨɣ 
ɷɧɞɨɦɨɪɮɢɡɦ   аɛɟɥɟɜɨɣ n–аɪɧɨɣ ɝɪɭɩɩɵ 

1,
k

Z f  ɜɩɨɥɧɟ ɨɩɪɟɞɟɥяɟɬɫя чɢɫɥɨɦ 
(0)

k
s Z   , ɩɪɢчɟɦ, ɨчɟɜɢɞɧɨ, ɞɥя ɤаɠɞɨɝɨ 

ɰɟɥɨɝɨ чɢɫɥа s  ɢɡ k
Z  ɫɭщɟɫɬɜɭɟɬ ɬаɤɨɣ 

ɷɧɞɨɦɨɪɮɢɡɦ  , чɬɨ (0) s  . ɍɫɬаɧɨɜɢɦ 
ɫɨɨɬɜɟɬɫɬɜɢɟ : s    ɦɟɠɞɭ 1,

k
End Z f   ɢ k

Z  

ɬаɤɨɟ, чɬɨ (0) s  . ɂɡ ɜɵɲɟ ɫɤаɡаɧɧɨɝɨ ɫɥɟɞɭɟɬ 
ɛɢɟɤɬɢɜɧɨɫɬɶ  . Ⱦаɥɟɟ, ɟɫɥɢ 

1,..., ,
n k k

End Z f    ɢ (0)
i i

s  , 1,...,i n , ɬɨ, 
ɫɨɝɥаɫɧɨ (6), ɩɨɥɭчɢɦ 

1 1 1 1 1( ,..., )(0) ( (0),..., (0)) ( ,..., ),
n n n

f f f s s      

а ɡɧачɢɬ, 
1 1 1 1 1( ( ,..., )) ( ,..., ) ( ( ),..., ( ))

n n n
f f s s f        . 

Ⱦаɥɟɟ, ɞɥя ɥɸɛɵɯ 1, ,
k

End Z f    ɢɦɟɟɦ 
( ) ( ) ( )       o  (ɤаɤ ɜ ɩɪɢɦɟɪɟ 1). 

ɂɬаɤ,  — ɢɡɨɦɨɪɮɢɡɦ ɦɟɠɞɭ (n, 2)–ɤɨɥɶɰɨɦ 
ɷɧɞɨɦɨɪɮɢɡɦɨɜ 1, , ,

k
End Z f f o  ɢ (n, 2)–

ɤɨɥɶɰɨɦ ɤɥаɫɫɨɜ ɜɵчɟɬɨɜ 1, ,
k

Z f  , ɬ.ɟ.  

1 1, , , , , .
k k

End Z f f Z f o  
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ɉɪɢɦɟɪ 3. ɇа аɞɞɢɬɢɜɧɨɣ ɝɪɭɩɩɟ ɰɟɥɵɯ чɢɫɟɥ 
Z  ɫɬɪɨɢɦ аɛɟɥɟɜɭ ɩɨɥɭɰɢɤɥɢчɟɫɤɭɸ n–аɪɧɭɸ 

ɝɪɭɩɩɭ 1,
l

Z f der Z , ɝɞɟ 1
0

2

n
l

     
 ɢ n–

аɪɧая ɨɩɟɪаɰɢя 1f  ɞɟɣɫɬɜɭɟɬ ɩɨ ɩɪаɜɢɥɭ 

1 1 1( ,..., ) ...
n n

f x x x x l    . Ʉаɠɞɵɣ 
ɷɧɞɨɦɨɪɮɢɡɦ   n–аɪɧɨɣ ɝɪɭɩɩɵ 1,Z f

ɨɩɪɟɞɟɥяɟɬɫя (ɫɦ. ɬɟɨɪɟɦɭ 4) ɧɟɤɨɬɨɪɵɦɢ 
ɷɧɞɨɦɨɪɮɢɡɦɨɦ   аɞɞɢɬɢɜɧɨɣ ɝɪɭɩɩɵ Z  ɢ 
ɰɟɥɵɦ чɢɫɥɨɦ u  ɬаɤɢɦɢ, чɬɨ  

( ) ( 1) .l n u l      (9) 

ɉɪɢчɟɦ,   ɞɟɣɫɬɜɭɟɬ ɩɨ ɩɪаɜɢɥɭ 
( ) ( )x x u   . ɗɧɞɨɦɨɪɮɢɡɦ   ɨɩɪɟɞɟɥяɟɬɫя 

ɨɞɧɨɡɧачɧɨ ɨɛɪаɡɨɦ ɟɞɢɧɢɰɵ (1) m  . Ɍɨɝɞа ɢɡ 
(9) ɢɦɟɟɦ 

( 1)lm n u l    ɢɥɢ ( 1) ( 1).n u l m    

Ɍаɤɢɦ ɨɛɪаɡɨɦ, ɷɧɞɨɦɨɪɮɢɡɦ   ɨɩɪɟɞɟɥяɟɬɫя 
ɨɞɧɨɡɧачɧɨ ɧɟɤɨɬɨɪɵɦ чɢɫɥɨɦ m  ɬаɤɢɦ, чɬɨ 

( 1)l m   ɞɟɥɢɬɫя ɧа 1n  , ɢ ɞɟɣɫɬɜɭɟɬ ɩɨ ɩɪаɜɢɥɭ 

( 1)
( ) .

1

l m
x mx

n
 

 


 

ȼ Z  ɪаɫɫɦɨɬɪɢɦ ɦɧɨɠɟɫɬɜɨ 
 ( 1)ɞɟɥɢɬɫяɧа 1M m Z l m n    . ɇа M  

ɨɩɪɟɞɟɥɢɦ n–аɪɧɭɸ ɨɩɟɪаɰɢɸ 2f  ɩɨ ɩɪаɜɢɥɭ: 
ɟɫɥɢ 1,...,

n
m m M , ɬɨ 

2 1 1( ,..., ) ... .
n n

f m m m m    

Ɇɧɨɠɟɫɬɜɨ M  ɡаɦɤɧɭɬɨ ɨɬɧɨɫɢɬɟɥɶɧɨ ɞɟɣɫɬɜɢя 
2f . Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, чɢɫɥɨ  

1 1( ... 1) ( 1 ... 1 1)
n n

l m m l m m n           

ɞɟɥɢɬɫя ɧа 1n  . ȿɫɥɢ m M , ɬɨ m  

ɭɞɨɜɥɟɬɜɨɪяɟɬ ɪаɜɟɧɫɬɜɭ ( 1)n m m m  
(ɨɩɪɟɞɟɥɟɧɢɟ ɤɨɫɨɝɨ ɷɥɟɦɟɧɬа), ɨɬɤɭɞа 

( 2)m n m   . Ɍɨɝɞа чɢɫɥɨ 

( 1) ( ( 2) 1) ( 1 ( 1) )l m l n m l m n m          

ɞɟɥɢɬɫя ɧа 1n  . Ɂɧачɢɬ, ɦɧɨɠɟɫɬɜɨ M  

ɡаɦɤɧɭɬɨ ɨɬɧɨɫɢɬɟɥɶɧɨ ɞɟɣɫɬɜɢя ɨɩɟɪаɰɢɢ ¯. 
ȼɵɩɨɥɧɢɦɨɫɬɶ ɬɨɠɞɟɫɬɜ (1) ɞɥя ɷɬɨɣ ɨɩɟɪаɰɢɢ 
ɨчɟɜɢɞɧа. ɂɬаɤ, 2,M f  — n–аɪɧая ɝɪɭɩɩа (ɫɦ. 
ɜɜɟɞɟɧɢɟ), ɨчɟɜɢɞɧɨ, ɨɧа ɛɭɞɟɬ аɛɟɥɟɜɨɣ. 
Ɇɧɨɠɟɫɬɜɨ M  ɡаɦɤɧɭɬɨ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɛɵчɧɨɝɨ 
ɭɦɧɨɠɟɧɢя ɰɟɥɵɯ чɢɫɟɥ. Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, ɟɫɥɢ 
ɞаɧɵ ɞɜа ɫɪаɜɧɟɧɢя 1 (mod 1)lm l n   ɢ 

2 (mod 1)lm l n  , ɬɨ ɢɡ ɩɟɪɜɨɝɨ ɫɪаɜɧɟɧɢя ɢɦɟɟɦ 

1 2 2 (mod 1)lm m lm n  , а ɢɡ ɜɬɨɪɨɝɨ ɢ ɩɨɫɥɟɞɧɟɝɨ 

ɫɪаɜɧɟɧɢɣ ɢɦɟɟɦ 1 2 (mod 1)lm m l n  . Ɍаɤɢɦ 
ɨɛɪаɡɨɦ, 2, ,M f   — (n, 2)–ɤɨɥɶɰɨ. 
Ʉаɠɞɨɦɭ ɷɧɞɨɦɨɪɮɢɡɦɭ   n–аɪɧɨɣ ɝɪɭɩɩɵ 

1,Z f  ɫɬаɜɢɦ ɜ ɫɨɨɬɜɟɬɫɬɜɢɟ   ɰɟɥɨɟ чɢɫɥɨ m  

ɢɡ M ɩɨ ɩɪаɜɢɥɭ: 

: m    ɞɥя ɥɸɛɨɝɨ x Z , 

( 1)
( ) .

1

l m
x mx

n
 

 


 

ɂɦɟɟɦ ɛɢɟɤɬɢɜɧɨɫɬɶ   (ɫɨɝɥаɫɧɨ ɬɟɨɪɟɦɟ 4). 
ɉɭɫɬɶ 1 1,..., ,

n
End Z f   , ɬɨɝɞа 

1

( 1)
( )

1

i

i

l m
x m x

n



 


, 1,...,i n . Ɉɬɤɭɞа, 

ɫɨɝɥаɫɧɨ (8), ɩɨɥɭчɢɦ 

1 1 1( ,..., )( ) ( ( ),..., ( ))
n n

f x f x x      

1

1

( 1)( 1)
...

1 1

n

n

l ml m
m x m x l

n n


      

 
 

1

1

( ... 1)
( ... ) .

1

n

n

l m m
m m x

n

  
   


 

Ɍɨɝɞа 
1 1 2 1( ( ,..., )) ... ( ( ),..., ( ))

n n n
f m m f          .  

Ⱦɥя 1 2 1, ,End Z f   , ɝɞɟ 
( 1)

( )
1

i

i i

l m
x m x

n



 


, 1, 2i  , ɢɦɟɟɦ 

2

1 2 1 2 1 2

( 1)
( ) ( ( )) ( )

1

l m
x x m x

n
    


   


o  

2 1 1 2

1 2 1 2

( 1) ( 1) ( 1)
( .

1 1 1

l m l m l m m
m m x m m x

n n n

  
    

  
 

Ɍɨɝɞа 1 2 1 2 1 2( ) ( ) ( )m m         o . ɂɬаɤ, 
ɩɨɥɭчɢɥɢ ɢɡɨɦɨɪɮɢɡɦ (n, 2)–ɤɨɥɟɰ 

1 2, , , , , .End Z f f M f o  

ɉɨɤаɠɟɦ, чɬɨ аɛɟɥɟɜа n–аɪɧая ɝɪɭɩɩа 2,M f  

яɜɥяɟɬɫя ɩɨɥɭɰɢɤɥɢчɟɫɤɨɣ ɬɢɩа ( , )v , ɝɞɟ 
( 1, )v ɇɈД ɬ l  . ɇа n–аɪɧɨɣ ɝɪɭɩɩɟ 2,M f  

ɞɥя ɜɵɛɪаɧɧɨɝɨ 1 M  ɨɩɪɟɞɟɥяɟɦ ɫɥɨɠɟɧɢɟ   

(ɤаɤ ɜ ɬɟɨɪɟɦɟ β) ɩɨ ɩɪаɜɢɥɭ 

{1 2 2 1 2

3

( ,1,...,1,1, ).
n

m m f m m


   

ɇɟɩɨɫɪɟɞɫɬɜɟɧɧая ɩɪɨɜɟɪɤа ɩɨɤаɡɵɜаɟɬ, чɬɨ 
1 ( 2)n   , ɬɨɝɞа, ɫɨɝɥаɫɧɨ ɩɪаɜɢɥɭ ɞɟɣɫɬɜɢя 
ɨɩɟɪаɰɢɢ 2f , ɩɨɥɭчɢɦ 
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1 2 1 2 1 2( 3) ( ( 2)) 1.m m m n n m m m          
 

ɉɨɥɭчɢɥɢ аɛɟɥɟɜɭ ɝɪɭɩɩɭ ,M   (ɫɨɝɥаɫɧɨ 
ɬɟɨɪɟɦɟ β). Ɉɬɦɟɬɢɦ, чɬɨ 1 яɜɥяɟɬɫя ɧɭɥɟɦ ɜ 

,M  . ɇɟɩɨɫɪɟɞɫɬɜɟɧɧая ɩɪɨɜɟɪɤа ɩɨɤаɡɵɜаɟɬ, 

чɬɨ ɤɪаɬɧɨɫɬɶ ɜ ɝɪɭɩɩɟ ,M  ɨɩɪɟɞɟɥяɟɬɫя ɩɨ 
ɩɪаɜɢɥɭ: ɟɫɥɢ s Z , m M , ɬɨ 

1.s m sm s  e  

Ɍɟɩɟɪɶ ɩɨɤаɠɟɦ, чɬɨ ,M   яɜɥяɟɬɫя 
ɰɢɤɥɢчɟɫɤɨɣ ɝɪɭɩɩɨɣ ɫ ɩɨɪɨɠɞаɸщɢɦ 

ɷɥɟɦɟɧɬɨɦ 1t  , ɝɞɟ 1n
t

v


 . Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, 

ɟɫɥɢ m  — ɥɸɛɨɣ ɷɥɟɦɟɧɬ ɢɡ M , ɬɨ ɢɡ 
ɞɟɥɢɦɨɫɬɢ ( 1)l m   ɧа 1n   ɫɥɟɞɭɟɬ ɞɟɥɢɦɨɫɬɶ 

1m   ɧа t , ɩɭɫɬɶ 1m tq  , ɨɬɤɭɞа 
1 ( 1) 1 ( 1)m tq q t q q t       e . ɂɬаɤ, 

,M  — ɰɢɤɥɢчɟɫɤая ɝɪɭɩɩа ɫ ɩɨɪɨɠɞаɸщɢɦ 
ɷɥɟɦɟɧɬɨɦ 1t  . Ɉɬɦɟɬɢɦ, чɬɨ 

1 1 1 ( 1)n n vt v t      e  ɢ, ɤɪɨɦɟ ɬɨɝɨ, 

{2 (1,...,1)
n

n f . Ɍɨɝɞа, ɫɨɝɥаɫɧɨ ɬɟɨɪɟɦɟ 7, аɛɟɥɟɜа 

n–аɪɧая ɝɪɭɩɩа 2,M f  яɜɥяɟɬɫя 
ɩɨɥɭɰɢɤɥɢчɟɫɤɨɣ ɬɢɩа ( , )v . 

ɇа аɞɞɢɬɢɜɧɨɣ ɝɪɭɩɩɟ ɰɟɥɵɯ чɢɫɟɥ Z  ɫɬɪɨɢɦ 
ɟщɟ ɨɞɧɭ аɛɟɥɟɜɭ ɩɨɥɭɰɢɤɥɢчɟɫɤɭɸ n–аɪɧɭɸ 
ɝɪɭɩɩɭ 3,

v
Z f der Z , ɝɞɟ ( 1, )v ɇɈД n l  , 

ɩɪɢчɟɦ v , ɬаɤɠɟ ɤаɤ ɢ l , ɭɞɨɜɥɟɬɜɨɪяɟɬ ɭɫɥɨɜɢɸ 
1

0
2

n
v

     
, ɢ n–аɪɧая ɨɩɟɪаɰɢя 3f  ɞɟɣɫɬɜɭɟɬ 

ɩɨ ɩɪаɜɢɥɭ 3 1 1( ,..., ) ...
n n

f x x x x v    . ɇа Z  

ɨɩɪɟɞɟɥɢɦ ɟщɟ ɛɢɧаɪɧɭɸ ɨɩɟɪаɰɢɸ   ɩɨ 

ɩɪаɜɢɥɭ 1 2 1 2 1 2z z z z t z z    , ɝɞɟ 1n
t

v


 . 

ɇɟɩɨɫɪɟɞɫɬɜɟɧɧая ɩɪɨɜɟɪɤа ɩɨɤаɡɵɜаɟɬ 
аɫɫɨɰɢаɬɢɜɧɨɫɬɶ ɨɩɟɪаɰɢɢ  . ȿɫɥɢ 

1 1,..., ,
n n

z z z Z  , ɬɨ 

1 1 1 1 1

1 1

( ,..., ) ( ... )

...

n n n n

n n

f z z z x x v z t

x x v z

 



     
     

 

1 1 1 1 1 1... ...
n n n n n n

x z t x z t vz t x x v z            

1 1 1

1 1 1

...

( 1) ...

n n n

n n n

x z t x z t

n z x x v z

 

 

   
       

 

1 1 1 1 1 1

3 1 1 1

...

( ,..., ).

n n n n n n

n n n

x z t x z x z t x z v

f x z x z

   

 

       
  

 

ɉɪаɜая ɞɢɫɬɪɢɛɭɬɢɜɧɨɫɬɶ ɞɥя ɨɩɟɪаɰɢɣ 3f  ɢ   

ɞɨɤаɡаɧа. Ⱥɧаɥɨɝɢчɧɨ ɞɨɤаɡɵɜаɟɬɫя ɥɟɜая 

ɞɢɫɬɪɢɛɭɬɢɜɧɨɫɬɶ. ɂɬаɤ, 3, ,Z f   — (n, 2)–
ɤɨɥɶɰɨ. ɉɨɤаɠɟɦ ɢɡɨɦɨɪɮɢɡɦ ɷɬɨɝɨ (n, 2)–
ɤɨɥɶɰа ɢ 2, ,M f  . Ʉаɠɞɨɦɭ ɰɟɥɨɦɭ чɢɫɥɭ z  

ɫɬаɜɢɦ ɜ ɫɨɨɬɜɟɬɫɬɜɢɟ   чɢɫɥɨ ( 1)z t e . Ɍаɤ 
ɤаɤ 1 ɢ 1t   ɩɨɪɨɠɞаɸɬ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ 
ɰɢɤɥɢчɟɫɤɢɟ ɝɪɭɩɩɵ Z  ɢ ,M  , ɬɨ   — 

ɢɡɨɦɨɪɮɢɡɦ ɷɬɢɯ ɝɪɭɩɩ. Ʉɪɨɦɟ ɬɨɝɨ, 

3 1 1

1

( ( ,..., )) ( ... ) ( 1)

( ... ) 1

n n

n

f z z z z v t

z z v t

     
     

e
 

1 1

2 1

... 1 ...

( ( 1),..., ( 1)),

n n

n

z t z t vt z t z t n

f z t z t

         
  e e

 

1 2 1 2 1 2

1 2 1 2

(z ) ( ) ( 1)

( ) 1

z z z t z z t

z z t z z t

     
    

e
 

2

1 2 1 2 1 2

1 2

1 ( 1)( 1)

( ) ( )

z z t z t z t z t z t

z z

       
  

. 

ɂɬаɤ, 3 2, , , ,Z f M f   . Ɍɨɝɞа 

1 3, , , , ,End Z f f Z f o . 

Ɂаɦɟɬɢɦ, чɬɨ ɟɫɥɢ 1l  , ɬɨ 1v   ɢ ɨɩɟɪаɰɢя 3f  

ɫɨɜɩаɞаɟɬ ɫ 1f . ɗɬɨ ɩɨɤаɡɵɜаɟɬ ɫɨɝɥаɫɨɜаɧɧɨɫɬɶ 
ɩɨɥɭчɟɧɧɵɯ ɪɟɡɭɥɶɬаɬɨɜ ɩɪɢɦɟɪа 1 ɢ ɩɪɢɦɟɪа γ 
ɞɥя 1l  . 

ɉɪɢɦɟɪ 4. ɇа аɞɞɢɬɢɜɧɨɣ ɝɪɭɩɩɟ ɤɨɥɶɰа ɤɥаɫɫɨɜ 
ɜɵчɟɬɨɜ k

Z  ɫɬɪɨɢɦ аɛɟɥɟɜɭ ɩɨɥɭɰɢɤɥɢчɟɫɤɭɸ n–
аɪɧɭɸ ɝɪɭɩɩɭ 1,

k l k
Z f der Z , ɝɞɟ 0 l k   ɢ 

( 1, )l ɇɈД n k . ɋɨɝɥаɫɧɨ ɩɪаɜɢɥɭ (β), n–аɪɧая 
ɨɩɟɪаɰɢя 1f  ɞɟɣɫɬɜɭɟɬ ɩɨ ɩɪаɜɢɥɭ 

1 1 1( ,..., ) ...
n n

f x x x x l    , ɝɞɟ   — ɫɥɨɠɟɧɢɟ 
ɩɨ ɦɨɞɭɥɸ k . Ʉаɠɞɵɣ ɷɧɞɨ-ɦɨɪɮɢɡɦ   n–
аɪɧɨɣ ɝɪɭɩɩɵ 1,

k
Z f  ɨɩɪɟɞɟɥяɟɬɫя (ɫɦ. ɬɟɨɪɟɦɭ 

4) ɧɟɤɨɬɨɪɵɦɢ ɷɧɞɨɦɨɪɮɢɡɦɨɦ   ɢ ɷɥɟɦɟɧɬɨɦ 
u  ɝɪɭɩɩɵ ,

k
Z  ɬаɤɢɦɢ, чɬɨ 

( ) ( 1) (mod ),l n u l k     (10) 

ɩɪɢчɟɦ   ɞɟɣɫɬɜɭɟɬ ɩɨ ɩɪаɜɢɥɭ 

( ) ( ) .x x u      (11) 

ɗɧɞɨɦɨɪɮɢɡɦ   ɡаɞаɟɬɫя ɨɞɧɨɡɧачɧɨ ɨɛɪаɡɨɦ 
(1) m   ɟɞɢɧɢɰɵ ɝɪɭɩɩɵ ,

k
Z  . Ɍɨɝɞа ɢɡ (10) 

ɢɦɟɟɦ ( 1) (mod )lm n u l k    ɢɥɢ 
( 1) ( 1) (mod )n u l m k   . Ɍаɤɢɦ ɨɛɪаɡɨɦ, 
ɷɥɟɦɟɧɬ u  яɜɥяɟɬɫя ɪɟɲɟɧɢɟɦ ɫɪаɜɧɟɧɢя 

( 1) ( 1) (mod )n x l m k   . (12) 
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ɗɬɨ ɪɟɲɟɧɢɟ ɫɭщɟɫɬɜɭɟɬ ɬɨɝɞа ɢ ɬɨɥɶɤɨ ɬɨɝɞа, 
ɤɨɝɞа ( 1)l m   ɞɟɥɢɬɫя ɧа ( 1, )ɇɈД n k ɢɥɢ, чɬɨ 
ɬɨɠɟ ɫаɦɨɟ, (mod ( 1, ))lm l ɇɈД n k  . ɇɨ l  

ɞɟɥɢɬ ( 1, )ɇɈД n k , ɡɧачɢɬ, ɢɡ ɩɨɫɥɟɞɧɟɝɨ 
ɫɪаɜɧɟɧɢя ɢɦɟɟɦ 11(mod )m d , ɝɞɟ 

1( 1, )ɇɈД n k Н l  . 

Ɍаɤɢɦ ɨɛɪаɡɨɦ, ɟɫɥɢ ɨɛɪаɡ ɟɞɢɧɢɰɵ (1) m   

ɷɧɞɨɦɨɪɮɢɡɦа   ɝɪɭɩɩɵ ,
k

Z   ɫɪаɜɧɢɦ ɫ 
ɟɞɢɧɢɰɟɣ ɩɨ ɦɨɞɭɥɸ 1d , ɬɨ ɷɬɨɬ ɷɧɞɨɦɨɪɮɢɡɦ 
ɜɦɟɫɬɟ ɫ ɤаɠɞɵɦ ɪɟɲɟɧɢɟɦ u  ɫɪаɜɧɟɧɢя (1β) 
(ɬаɤɢɯ ɪɟɲɟɧɢɣ ( 1, )ɇɈД n k ) ɨɩɪɟɞɟɥяɟɬ 
ɷɧɞɨɦɨɪɮɢɡɦ   n–аɪɧɨɣ ɝɪɭɩɩɵ 1,

k
Z f  ɩɨ 

ɩɪаɜɢɥɭ (11). 
ȼ ɞɟɤаɪɬɨɜɨɦ ɤɜаɞɪаɬɟ k k

Z Z  ɜɵɞɟɥɢɦ 
ɩɨɞɦɧɨɠɟɫɬɜɨ 

 1( , ) 1(mod ) ɢ ( 1) ( 1) (ЦШН ) .P m u m d n ɢ l m k    

 

ɇа P  ɨɩɪɟɞɟɥɢɦ n–аɪɧɭɸ ɨɩɟɪаɰɢɸ 2f  ɩɨ 
ɩɪаɜɢɥɭ 

2 1 1 1 1(( , ),..., ( , )) ( ... , ... )
n n n n

f m u m u m m u u l     
, 

ɝɞɟ   — ɫɥɨɠɟɧɢɟ ɩɨ ɦɨɞɭɥɸ k . 

ɇɟɩɨɫɪɟɞɫɬɜɟɧɧая ɩɪɨɜɟɪɤа ɩɨɤаɡɵɜаɟɬ, чɬɨ 
2,P f  — аɛɟɥɟɜа n–аɪɧая ɝɪɭɩɩа. 

ɇа P  ɨɩɪɟɞɟɥɢɦ ɟщɟ ɨɞɧɭ ɛɢɧаɪɧɭɸ ɨɩɟɪаɰɢɸ 
W ɩɨ ɩɪаɜɢɥɭ 

1 1 2 2 1 2 1 2( , ) ( , ) ( , ),m u m u m m m m u   W  

ɝɞɟ ( 1) ( 1) (mod )
i i

n u l m k    ɞɥя 

11 (mod )
i

m d , 1, 2i   ɢ ɨɩɟɪаɰɢɢ  ,   

ɜɵɩɨɥɧɟɧɵ ɜ ɤɨɥɶɰɟ ɤɥаɫɫɨɜ ɜɵчɟɬɨɜ k
Z . 

ɇɟɩɨɫɪɟɞɫɬɜɟɧɧая ɩɪɨɜɟɪɤа ɩɨɤаɡɵɜаɟɬ, чɬɨ 
2, ,P f   — (n, 2)–ɤɨɥɶɰɨ. Ɍаɤ ɠɟ ɩɪɨɜɟɪяɟɬɫя 

ɧɟɩɨɫɪɟɞɫɬɜɟɧɧɨ ɢɡɨɦɨɪɮɢɡɦ (n, 2)– ɤɨɥɟɰ 

1 2, , , , , .
k

End Z f f P f    

ɉɨɤаɠɟɦ ɬɟɩɟɪɶ, чɬɨ ɜ ɩɨɫɬɪɨɟɧɧɨɦ ɧаɦɢ (n, 2)–
ɤɨɥɶɰɟ 2, ,P f   аɛɟɥɟɜа n–аɪɧая ɝɪɭɩɩа 2,P f  

ɢɡɨɦɨɪɮɧа ɩɪяɦɨɦɭ ɩɪɨɢɡɜɟɞɟɧɢɸ n–аɪɧɵɯ 
ɝɪɭɩɩ 1,

k
Z f  ɢ 3,

k
Z f , ɝɞɟ ɨɩɟɪаɰɢя 3f  

ɞɟɣɫɬɜɭɟɬ ɩɨ ɩɪаɜɢɥɭ: 3 1 1( ,..., ) ...
n n

f x x x x   . 

Ɂаɞаɞɢɦ ɨɬɨɛɪаɠɟɧɢɟ :
k l

P Z Z    ɩɨ ɩɪаɜɢɥɭ 
(( , )) ( , )m u u v  , ɝɞɟ v  — ɨɫɬаɬɨɤ ɨɬ ɞɟɥɟɧɢя 
( 1) ( 1)l m u n

k

  
 ɧа l . 

ɉɨɤаɠɟɦ ɫɸɪɴɟɤɬɢɜɧɨɫɬɶ  . ɉɭɫɬɶ 
( , )

k l
u v Z Z  . ɇаɯɨɞɢɦ m  ɢɡ k

Z  ɬаɤɨɟ, чɬɨ 
ɜɟɪɧɨ ɫɪаɜɧɟɧɢɟ ( 1) ( 1) (mod )n u l m k    (ɬаɤɢɯ 

m  ɦɨɠɟɬ ɛɵɬɶ ɧɟɫɤɨɥɶɤɨ), ɢ ɩɨɫɥɟ ɷɬɨɝɨ ɬɪɟɛɭɟɦ 
ɜɵɩɨɥɧɢɦɨɫɬɶ ɫɪаɜɧɟɧɢя 

( 1) ( 1)
(mod )

l m u n
v l

k

  
 . ɋɪаɜɧɟɧɢɟ 

( 1) (mod )lx n u k   ɫ ɧɟɢɡɜɟɫɬɧɵɦ x  

ɪаɡɪɟɲɢɦɨ ɢ ɢɦɟɟɬ l  ɪɟɲɟɧɢɣ (ɬ.ɤ. 
( 1, )l ɇɈД n k , а ɡɧачɢɬ, ( , ) ( 1)ɇɈД l k l u n  ). 

ɍɤаɠɟɦ ɷɬɢ ɪɟɲɟɧɢя: ( 1)
(mod )

i

n u k
x j k

l l


  , 

ɝɞɟ 0,1,..., 1j l  . ȼɵɛɢɪаɟɦ 
( 1)

1 (mod )
n u k

m v k
l l


    ɢ k

m Z . Ɉɛɟ чаɫɬɢ 

ɩɨɫɥɟɞɧɟɝɨ ɫɪаɜɧɟɧɢя ɢ ɦɨɞɭɥɶ ɭɦɧɨɠаɟɦ ɧа l , 

ɩɨɥɭчɢɦ ( 1) ( 1) (mod )l m n u vk kl     ɢɥɢ 
( 1) ( 1) (mod )l m n u vk kl    . Ɉɛɟ чаɫɬɢ 

ɩɨɫɥɟɞɧɟɝɨ ɫɪаɜɧɟɧɢя ɢ ɦɨɞɭɥɶ ɞɟɥɢɦ ɧа k , 

ɩɨɥɭчɢɦ ( 1) ( 1)
(mod )

l m n u
v l

k

  
 . ɂɬаɤ, 

ɫɸɪɴɟɤɬɢɜɧɨɫɬɶ   ɞɨɤаɡаɧа. 
ɉɨɤаɠɟɦ ɢɧɴɟɤɬɢɜɧɨɫɬɶ  . ɉɭɫɬɶ 

1 1 2 2(( , )) (( , ))m u m u  , ɬ.ɟ. 

1 1 2 2( , ) ( , ),u v u v     (13) 

ɝɞɟ 1 1

1 1

( 1) ( 1)l m n u
q l v

k

  
   ɢ 

2 2

2 2

( 1) ( 1)l m n u
q l v

k

  
   ɞɥя ɧɟɤɨɬɨɪɵɯ 

ɰɟɥɵɯ чɢɫɟɥ 1q , 2q  ɢ 1 20 , 1v v l   . ɂɡ (1γ) 
ɢɦɟɟɦ 1 2u u  ɢ 1 2v v . Ɍɨɝɞа 

1 2

1 2

( 1) ( 1)
( )

l m l m
q q l

k

  
   ɢɥɢ 

1 2 1 2( )m m k q q   , ɨɬɤɭɞа 1 2 (mod )m m k . ɇɨ 

1 20 , 1m m k   , ɡɧачɢɬ, 1 2m m . 

ɂɧɴɟɤɬɢɜɧɨɫɬɶ   ɞɨɤаɡаɧа. 
ɂɬаɤ, τ – ɛɢɟɤɰɢя. ɉɨɤаɠɟɦ ɫɨɯɪаɧɟɧɢɟ n–аɪɧɨɣ 
ɨɩɟɪаɰɢɢ ɩɪɢ ɞɟɣɫɬɜɢɢ  . ɉɭɫɬɶ ( , )

i i
m u P  ɢ 

(( , )) ( , )
i i i i

m u u v  , ɝɞɟ 
( 1) ( 1)

(mod )i i

i

l m n u
v l

k

  
 , 0 1

i
v l    ɞɥя 

1,...,i n . Ɍɨɝɞа 

2 1 1

1 1

1

( (( , ),..., ( , )))

(( ... , ... ))

( ... , )

n n

n n

n

f m u m u

m m u u l

u u l v



      

   


 , 

ɝɞɟ 
1 1( ... 1) ( 1)( ... )

(mod )n n
l m m n u u l

v l
k

       
 , 

1 1 3 1 1 1( ( ,..., ), ( ,..., )) ( ... , ... )
n n n n

f u u f v v u u l v v      . 
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Ʉɪɨɦɟ ɬɨɝɨ, 

1 1

1

( 1) ( 1)
... ...

( 1) ( 1)
(mod )

n

n n

l m n u
v v

k

l m n u
l

k

  
   

  


 

ɢɥɢ 

1 1

1

( ... ) ( 1)( ... )
... (mod )n n

n

l m m n n u u
v v l

k

      
   . 

Ɍɨɝɞа 1 ... (mod )
n

v v v l   , ɡɧачɢɬ,   n–аɪɧɭɸ 
ɨɩɟɪаɰɢɸ. ɂɬаɤ, ɢɦɟɟɦ ɢɡɨɦɨɪɮɢɡɦ n–аɪɧɵɯ 
ɝɪɭɩɩ: 2 1 3, , ,

k l
P f Z f Z f  . 

ɇа Ч-аɪɧɨɣ ɝɪɭɩɩɟ 1 3, ,
k l

Z f Z f  ɩɨɫɬɪɨɢɦ (n, 

2)–ɤɨɥɶɰɨ, ɜɜɟɞя ɧа ɦɧɨɠɟɫɬɜɟ k l
Z Z  ɛɢɧаɪɧɭɸ 

ɨɩɟɪаɰɢɸ   ɩɨ ɩɪаɜɢɥɭ: ɟɫɥɢ 
1 1 2 2( , ), ( , )

k l
u v u v Z Z  , ɬɨ, ɤаɤ ɩɪɢ 

ɞɨɤаɡаɬɟɥɶɫɬɜɟ ɫɸɪɴɟɤɬɢɜɧɨɫɬɢ   (ɫɦ. ɜɵɲɟ), 
ɢɦɟɟɦ 1 2,

k l
m m Z Z  , ɞɥя ɤɨɬɨɪɵɯ  

1 1 1 1(( , )) ( , )m u u v  , 2 2 2 2(( , )) ( , )m u u v   

ɢ ɜɟɪɧɵ ɫɪаɜɧɟɧɢя 

1 1 1

1
1 (mod )

n k
m u v k

l l


    ɢ 

 
2 2 2

1
1 (mod )

n k
m u v k

l l


   ,       (14) 

ɬɨɝɞа ɩɨɥаɝаɟɦ 

1 1 2 2 3 3( , ) ( , ) ( , )u v u v u v  , 

ɝɞɟ 3 2 1 1 (mod )u u m u k  , 3 2 1 1 (mod )v v m v l  , 

30 1u k   , 30 1v l   . Ʉɪɨɦɟ ɬɨɝɨ, ɢɦɟɟɦ 

3 k
m Z  ɬаɤɨɟ, чɬɨ 3 3 3 3(( , )) ( , )m u u v   ɢ 

3 3 3

1
1 (mod )

n k
m u v k

l l


   . Ɂаɦɟɬɢɦ, чɬɨ ɟɫɥɢ 

ɜɬɨɪɨɟ ɫɪаɜɧɟɧɢɟ ɢɡ (14) ɭɦɧɨɠɢɬɶ ɧа 1m  ɢ 
ɫɥɨɠɢɬɶ ɫ ɩɟɪɜɵɦ ɫɪаɜɧɟɧɢɟɦ ɢɡ (14), ɬɨ 
ɩɨɥɭчɢɦ 

1 2 2 1 1 2 1 1

1
1 ( ) ( ) (mod )

n k
m m u m u v m v k

l l


      ɢ 

1 1 2 2 1 1 2 2(( , ) ( , )) (( , )) (( , ))m u m u m u m u     .    (15) 

Ɍɨɝɞа ɫ ɩɨɦɨщɶɸ (15) ɞɨɤаɡɵɜаɟɬɫя 
аɫɫɨɰɢаɬɢɜɧɨɫɬɶ   ɢ ɨɛа ɡаɤɨɧа 
ɞɢɫɬɪɢɛɭɬɢɜɧɨɫɬɢ ɨɩɟɪаɰɢɢ   ɨɬɧɨɫɢɬɟɥɶɧɨ 
ɨɩɟɪаɰɢɢ ɢɡ n–аɪɧɨɣ ɝɪɭɩɩɵ 1 3, ,

k l
Z f Z f . 

Ɂɧачɢɬ, 1 3, , ,
k l

Z f Z f   — (n, 2)–ɤɨɥɶɰɨ, а 

  — ɢɡɨɦɨɪɮɢɡɦ ɢɡ (n, 2)–ɤɨɥɶɰа 2, ,P f   ɜ 
ɷɬɨ (n, 2)–ɤɨɥɶɰɨ. Ɍɨɝɞа ɢɦɟɟɦ ɢɡɨɦɨɪɮɢɡɦ (n, 

2)–ɤɨɥɟɰ 

1 1 3, , , , , ,
k k l

End Z f f Z f Z f  o . 

Ɂаɦɟɬɢɦ, чɬɨ ɟɫɥɢ 1l  , ɬɨ n–аɪɧая ɝɪɭɩɩа 
3,

l
Z f  ɛɭɞɟɬ ɨɞɧɨɷɥɟɦɟɧɬɧɨɣ, ɬɨɝɞа 

1 3 1, , ,
k l k

Z f Z f Z f  , а ɨɩɟɪаɰɢя   k l
Z Z  

ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɩɪɢ ɷɬɨɦ ɢɡɨɦɨɪɮɢɡɦɟ ɨɩɟɪаɰɢɢ 
  ɧа k

Z  ɢɡ ɩɪɢɦɟɪа β. ɗɬɨ ɩɨɤаɡɵɜаɟɬ 
ɫɨɝɥаɫɨɜаɧɧɨɫɬɶ ɩɨɥɭчɟɧɧɵɯ ɪɟɡɭɥɶɬаɬɨɜ 
ɩɪɢɦɟɪа β ɢ ɩɪɢɦɟɪа 4 ɞɥя 1l  . 

Ɍɟɨɪɟɦɵ ɨɛ ɢɡɨɦɨɪɮɢɡɦɚɯ ɞɥɹ ɚɛɟɥɟɜɵɯ 
ɩɨɥɭɰɢɤɥɢɱɟɫɤɢɯ n–аɪɧых гɪуɩɩ 

Ʉаɤ ɢ ɜ ɝɪɭɩɩаɯ, ɭ ɢɡɨɦɨɪɮɧɵɯ аɛɟɥɟɜɵɯ n–
аɪɧɵɯ ɝɪɭɩɩ (n,2)–ɤɨɥɶɰа ɷɧɞɨɦɨɪɮɢɡɦɨɜ 
ɢɡɨɦɨɪɮɧɵ, ɛɨɥɟɟ ɬɨɝɨ, ɜɟɪɧа 

Ɍɟɨɪɟɦɚ 11. ɂɡɨмɨɪɮɢɡм   аɛɟɥɟɜɵɯ n–аɪɧɵɯ 
ɝɪɭɩɩ 1,A f  ɢ 2,B f  ɢɧɞɭцɢɪɭɟɬ ɢɡɨмɨɪɮɢɡм 

 (n, 2)–кɨɥɟц ɷɧɞɨмɨɪɮɢɡмɨɜ 
1, , ,End A f f   

ɢ 
2B, , ,End f f  , кɨɬɨɪɵɣ ɨɩɪɟɞɟɥɹɟɬɫɹ ɩɨ 

ɮɨɪмɭɥɟ 1:        . 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ɉɪɨɜɟɪяɟɬɫя ɧɟɩɨɫɪɟɞɫɬɜɟɧɧɨ. 
Ɉɛɪаɬɧɨɟ ɭɬɜɟɪɠɞɟɧɢɟ ɧɟɜɟɪɧɨ, ɬ.ɟ. ɢɡ 
ɢɡɨɦɨɪɮɢɡɦа (n, 2)–ɤɨɥɟɰ ɷɧɞɨɦɨɪɮɢɡɦɨɜ 
аɛɟɥɟɜɵɯ n–аɪɧɵɯ ɝɪɭɩɩ ɜ ɨɛщɟɦ ɫɥɭчаɟ ɧɟ 
ɫɥɟɞɭɟɬ ɢɡɨɦɨɪɮɢɡɦ n–аɪɧɵɯ ɝɪɭɩɩ. Ɉɞɧаɤɨ ɞɥя 
ɤɨɧɟчɧɵɯ аɛɟɥɟɜɵɯ ɩɨɥɭɰɢɤɥɢчɟɫɤɢɯ n–аɪɧɵɯ 
ɝɪɭɩɩ ɷɬɨ ɜɟɪɧɨ (ɫɦ. ɧɢɠɟ ɬɟɨɪɟɦɭ 1γ). ȼ 
ɫɥɟɞɭɸщɟɣ ɬɟɨɪɟɦɟ ɧаɣɞɟɧɵ ɭɫɥɨɜɢя 
ɢɡɨɦɨɪɮɢɡɦа (n, 2)–ɤɨɥɟɰ ɷɧɞɨɦɨɪɮɢɡɦɨɜ ɞɥя 
ɛɟɫɤɨɧɟчɧɵɯ аɛɟɥɟɜɵɯ ɩɨɥɭɰɢɤɥɢчɟɫɤɢɯ n–
аɪɧɵɯ ɝɪɭɩɩ, ɬ.ɟ. ɜɟɪɧа 

Ɍɟɨɪɟɦɚ 12. Дɜɟ ɛɟɫкɨɧɟɱɧɵɟ аɛɟɥɟɜɵ 
ɩɨɥɭцɢкɥɢɱɟɫкɢɟ n–аɪɧɵɟ ɝɪɭɩɩɵ ɬɢɩɨɜ 1( , )l  ɢ 

2( , )l , ɝɞɟ 1 2

1
0 ,

2

n
l l

     
, ɢмɟɸɬ 

ɢɡɨмɨɪɮɧɵɟ (n, β)–кɨɥɶца ɷɧɞɨмɨɪɮɢɡмɨɜ ɬɨɝɞа 
ɢ ɬɨɥɶкɨ ɬɨɝɞа, кɨɝɞа 

1 2( 1, ) ( 1, )ɇɈД n l ɇɈД n l   . 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. Ⱥɛɟɥɟɜа ɩɨɥɭɰɢɤɥɢчɟɫɤая n–
аɪɧая ɝɪɭɩɩа ɬɢɩа 1( , )l  ɢɡɨɦɨɪɮɧа n–аɪɧɨɣ 
ɝɪɭɩɩɟ 

11,
l

Z f der Z , ɩɨɫɬɪɨɟɧɧɨɣ ɧа 
аɞɞɢɬɢɜɧɨɣ ɝɪɭɩɩɟ ɰɟɥɵɯ чɢɫɟɥ Z (ɫɦ. ɬɟɨɪɟɦɭ 
7). ɋɨɝɥаɫɧɨ ɬɟɨɪɟɦɟ 11 (n, 2)–ɤɨɥɶɰа 
ɷɧɞɨɦɨɪɮɢɡɦɨɜ ɷɬɢɯ n–аɪɧɵɯ ɝɪɭɩɩ ɢɡɨɦɨɪɮɧɵ 
ɢ, ɫɨɝɥаɫɧɨ ɩɪɢɦɟɪɭ γ, ɢɡɨɦɨɪɮɧɵ  
(n, 2)–ɤɨɥɶɰɭ 3, ,Z f  , ɝɞɟ n–аɪɧая ɨɩɟɪаɰɢя 3f  

ɞɟɣɫɬɜɭɟɬ ɩɨ ɩɪаɜɢɥɭ 
3 1 1 1( ,..., ) ...

n n
f x x x x d    , ɝɞɟ 

1 1( 1, )d ɇɈД n l  , ɩɪɢчɟɦ 1d , ɬаɤɠɟ ɤаɤ ɢ 1l , 

ɭɞɨɜɥɟɬɜɨɪяɟɬ ɭɫɥɨɜɢɸ 1

1
0

2

n
d

     
, ɢ 
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ɛɢɧаɪɧая ɨɩɟɪаɰɢя   ɞɟɣɫɬɜɭɟɬ ɩɨ ɩɪаɜɢɥɭ 

1 2 1 2 1 1 2z z z z t z z    , ɝɞɟ 
1

1

1n
t

d


 . 

Ⱥɧаɥɨɝɢчɧɨ ɜɬɨɪая аɛɟɥɟɜа ɩɨɥɭɰɢɤɥɢчɟɫɤая n–
аɪɧая ɝɪɭɩɩа ɬɢɩа 2( , )l  ɢɡɨɦɨɪɮɧа n–аɪɧɨɣ 
ɝɪɭɩɩɟ 

21,
l

Z f der Z  , ɩɨɫɬɪɨɟɧɧɨɣ ɧа 
аɞɞɢɬɢɜɧɨɣ ɝɪɭɩɩɟ ɰɟɥɵɯ чɢɫɟɥ Z , ɢ ɢɯ (n, 2)–
ɤɨɥɶɰа ɷɧɞɨɦɨɪɮɢɡɦɨɜ ɢɡɨɦɨɪɮɧɵ (n, 2)– ɤɨɥɶɰɭ 

3, ,Z f   , ɝɞɟ n–аɪɧая ɨɩɟɪаɰɢя 3f   ɞɟɣɫɬɜɭɟɬ ɩɨ 
ɩɪаɜɢɥɭ 3 1 1 2( ,..., ) ...

n n
f x x x x d     , ɝɞɟ 

2 2( 1, )d ɇɈД n l  , ɩɪɢчɟɦ 2

1
0

2

n
d

     
, ɢ 

ɛɢɧаɪɧая ɨɩɟɪаɰɢя   ɞɟɣɫɬɜɭɟɬ ɩɨ ɩɪаɜɢɥɭ 

1 2 1 2 2 1 2z z z z t z z    , ɝɞɟ 
2

2

1n
t

d


 . 

ȿɫɥɢ ɢɦɟɟɦ ɢɡɨɦɨɪɮɢɡɦ (n, 2)–ɤɨɥɟɰ 3, ,Z f   ɢ 

3, ,Z f   , ɬɨ ɢɯ аɛɟɥɟɜɵ n–аɪɧɵɟ ɝɪɭɩɩɵ ɬаɤɠɟ 

ɢɡɨɦɨɪɮɧɵ, ɬ.ɟ. 3 3, ,Z f Z f  , ɨɬɤɭɞа, ɜ ɫɢɥɭ 
ɢɯ ɩɨɥɭɰɢɤɥɢчɧɨɫɬɢ ɢ ɫɨɝɥаɫɧɨ ɬɟɨɪɟɦɟ 7, 
ɩɨɥɭчɢɦ 1 2d d . 

Ɉɛɪаɬɧɨ, ɟɫɥɢ 1 2d d , ɬɨ ɞɟɣɫɬɜɢя ɨɩɟɪаɰɢɣ 3f  

ɢ 3f   ɫɨɜɩаɞаɸɬ, ɤɪɨɦɟ ɬɨɝɨ, ɫɨɜɩаɞаɸɬ ɢ 
ɞɟɣɫɬɜɢя ɨɩɟɪаɰɢɣ   ɢ  , ɬаɤ ɤаɤ 1 2t t . Ɍɨɝɞа 
ɢɦɟɟɦ ɪаɜɟɧɫɬɜɨ (n, 2)–ɤɨɥɟɰ 3, ,Z f   ɢ 

3, ,Z f   , а ɡɧачɢɬ, ɞɜɟ ɛɟɫɤɨɧɟчɧɵɟ аɛɟɥɟɜɵ 
ɩɨɥɭɰɢɤɥɢчɟɫɤɢɟ n–аɪɧɵɟ ɝɪɭɩɩɵ ɬɢɩɨɜ 1( , )l  ɢ 

2( , )l  ɢɦɟɸɬ ɢɡɨɦɨɪɮɧɵɟ (n, 2)–ɤɨɥɶɰа 
ɷɧɞɨɦɨɪɮɢɡɦɨɜ. Ɍɟɨɪɟɦа ɞɨɤаɡаɧа. 

ɋɥɟɞɫɬɜɢɟ 1. Ȼɟɫкɨɧɟɱɧаɹ цɢкɥɢɱɟɫкаɹ n–аɪɧаɹ 
ɝɪɭɩɩа ɢмɟɟɬ (n, β)–кɨɥɶцɨ ɷɧɞɨмɨɪɮɢɡмɨɜ, 
ɢɡɨмɨɪɮɧɨɟ (n, β)–кɨɥɶцɭ ɷɧɞɨмɨɪɮɢɡмɨɜ 
аɛɟɥɟɜɨɣ ɩɨɥɭцɢкɥɢɱɟɫкɨɣ n–аɪɧɨɣ ɝɪɭɩɩɵ ɬɢɩа 

( , )l , ɝɞɟ 1
0

2

n
l

     
, ɬɨɝɞа ɢ ɬɨɥɶкɨ ɬɨɝɞа, 

кɨɝɞа l  ɢ 1n   ɜɡаɢмɧɨ ɩɪɨɫɬɵ. 

Ɍɟɨɪɟɦɚ 13. Дɜɟ кɨɧɟɱɧɵɟ аɛɟɥɟɜɵ 
ɩɨɥɭцɢкɥɢɱɟɫкɢɟ n–аɪɧɵɟ ɝɪɭɩɩɵ, ɢмɟɸɳɢɟ 
ɢɡɨмɨɪɮɧɵɟ (n, β)–кɨɥɶца ɷɧɞɨмɨɪɮɢɡмɨɜ, 
ɢɡɨмɨɪɮɧɵ. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. Ʌɸɛая ɤɨɧɟчɧая аɛɟɥɟɜа 
ɩɨɥɭɰɢɤɥɢчɟɫɤая n–аɪɧая ɝɪɭɩɩа ɩɨɪяɞɤа k  

ɢɡɨɦɨɪɮɧа n–аɪɧɨɣ ɝɪɭɩɩɟ 1,
k l k

Z f der Z , 

ɩɨɫɬɪɨɟɧɧɨɣ ɧа аɞɞɢɬɢɜɧɨɣ ɝɪɭɩɩɟ ɤɨɥɶɰа 
ɤɥаɫɫɨɜ ɜɵчɟɬɨɜ k

Z , ɝɞɟ ( 1, )l ɇɈД n k  (ɫɦ. 
ɬɟɨɪɟɦɭ 8). 
ɉɭɫɬɶ ɡаɞаɧɧɵɟ ɞɜɟ ɤɨɧɟчɧɵɟ аɛɟɥɟɜɵ 
ɩɨɥɭɰɢɤɥɢчɟɫɤɢɟ n–аɪɧɵɟ ɝɪɭɩɩɵ ɢɡɨɦɨɪɮɧɵ n–

аɪɧɵɦ ɝɪɭɩɩаɦ 
1 1 11,

k l k
Z f der Z  ɢ 

2 2 21,
k l k

Z f der Z   ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ, ɝɞɟ 

1 1( 1, )l ɇɈД n k , 2 2( 1, )l ɇɈД n k . ɋɨɝɥаɫɧɨ 

ɬɟɨɪɟɦɟ 11, n–аɪɧɵɟ ɝɪɭɩɩɵ 
1 1,

k
Z f  ɢ 

2 1,
k

Z f   

ɢɦɟɸɬ ɢɡɨɦɨɪɮɧɵɟ (n, 2)–ɤɨɥɶɰа 
ɷɧɞɨɦɨɪɮɢɡɦɨɜ, ɬ.ɟ. 

1 21 1, , , , , ,
k k

End Z f f End Z f f o . 

Ɍɨɝɞа, ɫɨɝɥаɫɧɨ ɩɪɢɦɟɪɭ 4, ɢɦɟɟɦ ɢɡɨɦɨɪɮɢɡɦ 

1 1 2 21 3 1 3, , , ,
k l k l

Z f Z f Z f Z f    . 

ɍ n–аɪɧɨɣ ɝɪɭɩɩɵ 
1 11 3, ,

k l
Z f Z f  ɪɟɞɭɤɬɨɦ 

ɛɭɞɟɬ ɩɪяɦая ɫɭɦɦа 
1 1k l

Z Z  (ɩɪɨɜɟɪяɟɬɫя 

ɧɟɩɨɫɪɟɞɫɬɜɟɧɧɨ ɩɨ ɬɟɨɪɟɦɟ β ɞɥя (0,0)c  , 

ɬɨɝɞа, ɩɨ ɪаɜɟɧɫɬɜɭ (γ), ɢɦɟɟɦ 

1 11 3, ,
k l

Z f Z f 
1 1 1
( )

l k l
der Z Z . Ⱥɧаɥɨɝɢчɧɨ 

2 2 2 2 21 3, , ( )
k l l k l

Z f Z f der Z Z    . ɉɨ ɬɟɨɪɟɦɟ γ 

ɢɦɟɟɦ ɢɡɨɦɨɪɮɢɡɦ ɤɨɧɟчɧɵɯ аɛɟɥɟɜɵɯ ɝɪɭɩɩ 

1 1 2 2k l k l
Z Z Z Z   . 

ɋɨɝɥаɫɧɨ ɭɫɥɨɜɢɸ, 1 1l k  ɢ 2 2l k , ɬɨɝɞа, ɜ ɫɢɥɭ 
ɨɞɧɨɡɧачɧɨɣ ɪаɡɥɨɠɢɦɨɫɬɢ ɤɨɧɟчɧɨɣ аɛɟɥɟɜɨɣ 
ɝɪɭɩɩɵ ɜ ɩɪяɦɭɸ ɫɭɦɦɭ ɩɪɢɦаɪɧɵɯ 
ɰɢɤɥɢчɟɫɤɢɯ ɝɪɭɩɩ, ɩɨɥɭчɢɦ 

1 2k k
Z Z  ɢ 

1k
Z

1 1l l
Z Z , ɬ.ɟ. 1 2k k  ɢ 1 2l l . Ɉɬɤɭɞа ɫɥɟɞɭɟɬ 

ɢɡɨɦɨɪɮɢɡɦ n–аɪɧɵɯ ɝɪɭɩɩ 
1 1,

k
Z f  ɢ 

2 1,
k

Z f  . 

Ɂɧачɢɬ, ɪаɫɫɦаɬɪɢɜаɟɦɵɟ ɜ ɬɟɨɪɟɦɟ ɤɨɧɟчɧɵɟ 
аɛɟɥɟɜɵ ɩɨɥɭɰɢɤɥɢчɟɫɤɢɟ n–аɪɧɵɟ ɝɪɭɩɩɵ 
ɢɡɨɦɨɪɮɧɵ. Ɍɟɨɪɟɦа ɞɨɤаɡаɧа. 

ɋɥɟɞɫɬɜɢɟ 2. Дɜɟ кɨɧɟɱɧɵɟ цɢкɥɢɱɟɫкɢɟ n–аɪɧɵɟ 
ɝɪɭɩɩɵ, ɢмɟɸɳɢɟ ɢɡɨмɨɪɮɧɵɟ (n, β)–кɨɥɶца 
ɷɧɞɨмɨɪɮɢɡмɨɜ, ɢɡɨмɨɪɮɧɵ. 
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Ʉɭɫɨɜ ȼ. Ɇ., Щɭɱɤɢɧ ɇ. Ⱥ. Эɧɞɨɦɨɪɮɢɡɦɵ ɚɛɟɥɟɜɵɯ ɩɨɥɭɰɢɤɥɢɱɟɫɤɢɯ n–ɚɪɧɵɯ ɝɪɭɩɩ. 
ɉɪɢɜɟɞɟɧɨ ɩɨɥɧɨɟ ɨɩɢɫаɧɢɟ ɫɬɪɨɟɧɢɹ ( ,2)n  кɨɥɟц ɷɧɞɨмɨɪɮɢɡмɨɜ кɨɧɟɱɧɵɯ ɢ ɛɟɫкɨɧɟɱɧɵɯ 
аɛɟɥɟɜɵɯ ɩɨɥɭцɢкɥɢɱɟɫкɢɯ n  аɪɧɵɯ ɝɪɭɩɩ. Дɨкаɡаɧ n  аɪɧɵɣ аɧаɥɨɝ ɬɟɨɪɟмɵ Ȼɟɪа–Ʉаɩɥаɧɫкɨɝɨ 
ɞɥɹ кɨɧɟɱɧɵɯ аɛɟɥɟɜɵɯ ɩɨɥɭцɢкɥɢɱɟɫкɢɯ n  аɪɧɵɯ ɝɪɭɩɩ. ɇаɣɞɟɧɵ ɭɫɥɨɜɢɹ ɢɡɨмɨɪɮɢɡма ( ,2)n 
кɨɥɟц ɷɧɞɨмɨɪɮɢɡмɨɜ ɞɥɹ ɛɟɫкɨɧɟɱɧɵɯ аɛɟɥɟɜɵɯ ɩɨɥɭ-цɢкɥɢɱɟɫкɢɯ n-аɪɧɵɯ ɝɪɭɩɩ. 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: аɛɟɥɟɜа n  аɪɧаɹ ɝɪɭɩɩа, ɷɧɞɨмɨɪɮɢɡм, ɩɨɥɭцɢкɥɢɱɟɫкаɹ n  аɪɧаɹ ɝɪɭɩɩа, 
( ,2)n  кɨɥɶцɨ. 

Kusov V. M., Shchuchkin N. A. Endomorphisms of abelian semicyclic n-ary groups. A complete 

description of the structure of endomorphism ( ,2)n  rings of finite and infinite Abelian semicyclic n-

groups is given. An analogue of the Beer-Kaplansky theorem for finite Abelian semicyclic n-groups is 

proved. Conditions for the isomorphism of endomorphism ( ,2)n  rings for infinite abelian semicircular 

n-ary groups are found. 
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