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ɍȾɄ 51β.579 

 

Ɉ ɤɨɧɝɪɭɷɧɰɢɹɯ ɩɨɥɢɝɨɧɨɜ ɧɚɞ ɩɪɹɦɨɭɝɨɥɶɧɵɦɢ ɫɜɹɡɤɚɦɢ 
 

ɂ.Ȼ. Ʉɨɠɭɯɨɜ, Ⱥ.Ɇ. ɉɪяɧɢчɧɢɤɨɜ  
ɆɂɗɌ, Ɇɨɫɤɜа 

kozhuhov_i_b@mail.ru , genary@yandex.ru 

 

Ʉɨɠɭɯɨɜ ɂ.Ȼ., ɉɪɹɧɢɱɧɢɤɨɜ Ⱥ.Ɇ. Ɉ ɤɨɧɝɪɭɷɧɰɢɹɯ ɩɨɥɢɝɨɧɨɜ ɧɚɞ ɩɪɹɦɨɭɝɨɥɶɧɵɦɢ ɫɜɹɡɤɚɦɢ. 
ɋɬɪɨɢɬɫɹ ɫɟɪɢɹ кɨɧɝɪɭɷɧцɢɣ ɩɨɥɢɝɨɧа ɧаɞ ɩɪɹмɨɭɝɨɥɶɧɨɣ ɫɜɹɡкɨɣ. ɉɪɢ ɨɩɪɟɞɟɥёɧɧɵɯ ɭɫɥɨɜɢɹɯ 
ɢмɢ ɢɫɱɟɪɩɵɜаɸɬɫɹ ɜɫɟ кɨɧɝɪɭɷɧцɢɢ ɩɨɥɢɝɨɧа. Ɋɟɡɭɥɶɬаɬɵ ɩɪɟɞɩɨɥаɝаɟɬɫɹ ɩɪɢмɟɧɢɬɶ ɜ 
ɢɫɫɥɟɞɨɜаɧɢɢ ɩɨɥɢɝɨɧɨɜ ɫ ɭɫɥɨɜɢɹмɢ ɧа кɨɧɝɪɭɷɧцɢɢ. 
 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɩɨɥɢɝɨɧ ɧаɞ ɩɨɥɭɝɪɭɩɩɨɣ, ɩɪɹмɨɭɝɨɥɶɧаɹ ɫɜɹɡка, ɪɟɲёɬка кɨɧɝɪɭɷɧцɢɣ. 
 

ȼ ɞаɧɧɨɣ ɪаɛɨɬɟ ɪаɫɫɦаɬɪɢɜаɸɬɫя ɤɨɧɝɪɭɷɧɰɢɢ 
ɩɨɥɢɝɨɧɨɜ ɧаɞ ɩɨɥɭɝɪɭɩɩаɦɢ. ɇаɩɨɦɧɢɦ, чɬɨ 
ɩɨɥɭɝɪɭɩɩɨɣ ɧаɡɵɜаɟɬɫя ɦɧɨɠɟɫɬɜɨ ɫ ɨɞɧɨɣ 
ɛɢɧаɪɧɨɣ аɫɫɨɰɢаɬɢɜɧɨɣ ɨɩɟɪаɰɢɟɣ (ɬ.ɟ. 

( ) = ( )ab c a bc  ɞɥя ɥɸɛɵɯ ɷɥɟɦɟɧɬɨɜ , ,a b c ). 

ɉɨɥɢɝɨɧ ɧаɞ ɩɨɥɭɝɪɭɩɩɨɣ – ɷɬɨ ɦɧɨɠɟɫɬɜɨ X , 

ɧа ɤɨɬɨɪɨɦ ɞɟɣɫɬɜɭɟɬ ɩɨɥɭɝɪɭɩɩа S , ɬ.ɟ. 
ɨɩɪɟɞɟɥɟɧɨ ɨɬɨɛɪаɠɟɧɢɟ X S X  , 

( , )x s xsa  ɬаɤɨɟ, чɬɨ ( ) ( )xs t x st  ɞɥя ɜɫɟɯ 
, ,s t S  x X  (ɫɦ. Д1Ж). ɉɨɥɢɝɨɧ яɜɥяɟɬɫя 

аɥɝɟɛɪаɢчɟɫɤɨɣ ɦɨɞɟɥɶɸ аɜɬɨɦаɬа (ɫɦ. ДβЖ), ɩɪɢ 
ɷɬɨɦ X  – ɦɧɨɠɟɫɬɜɨ ɫɨɫɬɨяɧɢɣ, а S  – 

ɩɨɥɭɝɪɭɩɩа ɜɯɨɞɧɵɯ ɫɢɝɧаɥɨɜ. 
ȿɫɥɢ ɩɨɥɭɝɪɭɩɩа ɢɦɟɟɬ ɨɬɧɨɫɢɬɟɥɶɧɨ ɩɪɨɫɬɨɟ 
ɫɬɪɨɟɧɢɟ, ɬɨ ɜɫɟ ɩɨɥɢɝɨɧɵ ɧаɞ ɧɟɣ ɦɨɝɭɬ ɛɵɬɶ 
ɨɩɢɫаɧɵ. ȼ ɪаɛɨɬɟ ДγЖ ɛɵɥɢ ɨɩɢɫаɧɵ ɩɨɥɢɝɨɧɵ 
ɧаɞ ɜɩɨɥɧɟ ɩɪɨɫɬɨɣ ( , , , )G I PM  ɢ ɩɨɥɢɝɨɧɵ ɫ 

ɧɭɥёɦ ɧаɞ ɜɩɨɥɧɟ 0-ɩɪɨɫɬɨɣ 0 ( , , , )G I PM  

ɩɨɥɭɝɪɭɩɩɨɣ (ɨɩɪɟɞɟɥɟɧɢя ɢ ɨɛɨɡɧачɟɧɢя ɫɦ. ɜ 
Д4, ɝɥ.γЖ). Ɉɩɢɫаɧɢɟ ɤɨɧɝɪɭɷɧɰɢɣ ɧаɞ ɷɬɢɦɢ 
ɩɨɥɭɝɪɭɩɩаɦɢ ɩɪɟɞɫɬаɜɥяɟɬ ɫɨɛɨɣ ɛɨɥɟɟ 
ɬɪɭɞɧɭɸ ɡаɞачɭ. ȼ чаɫɬɧɵɯ ɫɥɭчаяɯ ɩɨɥɭɝɪɭɩɩ 
ɥɟɜɵɯ ɢɥɢ ɩɪаɜɵɯ ɧɭɥɟɣ ɷɬɨ ɛɵɥɨ ɫɞɟɥаɧɨ ɜ 
ɪаɛɨɬаɯ Д5Ж, Д6Ж. Ⱥ ɢɦɟɧɧɨ, ɜ ɬɟɨɪɟɦɟ β ɪаɛɨɬɵ Д5Ж 
ɛɵɥɢ ɨɩɢɫаɧɵ ɤɨɧɝɪɭɷɧɰɢɢ ɩɨɥɢɝɨɧа ɧаɞ 
ɩɨɥɭɝɪɭɩɩɨɣ ɥɟɜɵɯ ɧɭɥɟɣ, а ɬɟɨɪɟɦа 5 ɪаɛɨɬɵ Д6Ж 
ɞаёɬ ɨɩɢɫаɧɢɟ ɤɨɧɝɪɭɷɧɰɢɣ ɧаɞ ɩɨɥɭɝɪɭɩɩɨɣ 
ɩɪаɜɵɯ ɧɭɥɟɣ. ɋɥɟɞɭɟɬ ɨɬɦɟɬɢɬɶ, чɬɨ ɷɬɢ 
ɨɩɢɫаɧɢя ɞɨɫɬаɬɨчɧɨ ɝɪɨɦɨɡɞɤɢ, ɢ ɜ ɪяɞɟ 
ɫɢɬɭаɰɢɣ (ɧаɩɪɢɦɟɪ, ɞɥя ɨɩɢɫаɧɢя ɩɨɥɢɝɨɧɨɜ ɫ 
ɦɨɞɭɥяɪɧɨɣ ɪɟɲёɬɤɨɣ ɤɨɧɝɪɭɷɧɰɢɣ) ɨɩɢɫаɧɢя 
ɤɨɧɝɪɭɷɧɰɢɣ ɜ ɬаɤɨɣ ɨɛщɧɨɫɬɢ, ɤаɤ ɷɬɨ  
ɩɨɥɭчɟɧɨ ɜ ɪаɛɨɬаɯ Д5,6Ж, ɨɛɵчɧɨ ɧɟ ɬɪɟɛɭɟɬɫя 
ɜɜɢɞɭ ɧаɥɢчɢя ɞɨɩɨɥɧɢɬɟɥɶɧɵɯ ɭɫɥɨɜɢɣ ɧа 
ɤɨɧɝɪɭɷɧɰɢɢ. 
ȼ ɪаɛɨɬɟ Д7Ж ɛɵɥɢ ɢɫɫɥɟɞɨɜаɧɵ ɭɫɥɨɜɢя, ɩɪɢ 
ɤɨɬɨɪɵɯ ɪɟɲёɬɤа Con X  ɤɨɧɝɪɭɷɧɰɢɣ ɩɨɥɢɝɨɧа 
X  (ɧаɞ ɩɪɨɢɡɜɨɥɶɧɨɣ ɩɨɥɭɝɪɭɩɩɨɣ) яɜɥяɟɬɫя 

ɦɨɞɭɥяɪɧɨɣ ɢɥɢ ɞɢɫɬɪɢɛɭɬɢɜɧɨɣ. ȼаɠɧɭɸ ɪɨɥɶ 
ɞɥя ɦɨɞɭɥяɪɧɨɫɬɢ ɪɟɲёɬɤɢ ɤɨɧɝɪɭɷɧɰɢɣ 
ɩɨɥɢɝɨɧа ɢɝɪаɥа ɦɨɞɭɥяɪɧɨɫɬɶ ɪɟɲёɬɨɤ 
ɤɨɧɝɪɭɷɧɰɢɣ ɤɨɦɩɨɧɟɧɬ ɫɜяɡɧɨɫɬɢ ɩɨɥɢɝɨɧа ɢ 
ɨɬɫɭɬɫɬɜɢɟ ɬаɤ ɧаɡɵɜаɟɦɵɯ ɫɤɜɨɡɧɵɯ 
ɤɨɧɝɪɭɷɧɰɢɣ (ɧаɥɢчɢɟ ɢɯ ɢɫɤɥɸчаɟɬ 
ɦɨɞɭɥяɪɧɨɫɬɶ). ȼ ɪаɛɨɬɟ Д5Ж ɛɵɥɢ ɩɨɥɧɨɫɬɶɸ 
ɨɩɢɫаɧɵ ɩɨɥɢɝɨɧɵ ɧаɞ ɩɨɥɭɝɪɭɩɩɨɣ ɩɪаɜɵɯ ɢɥɢ 
ɥɟɜɵɯ ɧɭɥɟɣ ɫ ɦɨɞɭɥяɪɧɨɣ ɢɥɢ ɞɢɫɬɪɢɛɭɬɢɜɧɨɣ 
ɪɟɲёɬɤɨɣ ɤɨɧɝɪɭɷɧɰɢɣ. ɗɬɢ ɪɟɡɭɥɶɬаɬɵ, ɧа ɧаɲ 
ɜɡɝɥяɞ, ɦɨɝɭɬ ɛɵɬɶ ɨɛɨɛщɟɧɵ ɩɨ ɤɪаɣɧɟɣ ɦɟɪɟ ɧа 
ɩɨɥɢɝɨɧɵ ɧаɞ ɩɪяɦɨɭɝɨɥɶɧɵɦɢ ɫɜяɡɤаɦɢ. ȿɫɥɢ 
X  – ɩɨɥɢɝɨɧ ɧаɞ ɩɪяɦɨɭɝɨɥɶɧɨɣ ɫɜяɡɤɨɣ ,S  ɬɨ 

ɧɟɬɪɭɞɧɨ ɩɨɤаɡаɬɶ, чɬɨ ɜ ɫɥɭчаɟ ɦɨɞɭɥяɪɧɨɫɬɢ 
ɪɟɲёɬɤɢ Con X  ɦɧɨɠɟɫɬɜɨ \A X XS  ɫɨɫɬɨɢɬ 
ɧɟ ɛɨɥɟɟ, чɟɦ ɢɡ ɞɜɭɯ ɷɥɟɦɟɧɬɨɜ. ɉɨɥɢɝɨɧɵ ɧаɞ 
ɩɪяɦɨɭɝɨɥɶɧɨɣ ɫɜяɡɤɨɣ, ɢɦɟɸщɢɟ ɦɨɞɭɥяɪɧɭɸ 
ɪɟɲёɬɤɭ ɤɨɧɝɪɭɷɧɰɢɣ, ɛɵɥɢ ɨɩɢɫаɧɵ ɜ ɪаɛɨɬɟ  
Д8Ж ɜ ɫɥɭчаяɯ, ɤɨɝɞа A   ɢɥɢ | | 1.A   Ɍаɤɢɦ 
ɨɛɪаɡɨɦ, ɧɟɪаɡɨɛɪаɧɧɵɦ ɨɫɬаёɬɫя ɥɢɲɶ ɫɥɭчаɣ, 
ɤɨɝɞа | | 2.A    

ɐɟɥɶ ɞаɧɧɨɣ ɪаɛɨɬɵ – ɩɫɬɪɨɢɬɶ ɧɟɤɨɬɨɪɵɟ 
ɤɨɧɝɪɭɷɧɰɢɢ ɩɨɥɢɝɨɧа ɧаɞ ɩɪяɦɨɭɝɨɥɶɧɨɣ 
ɫɜяɡɤɨɣ, ɤɨɬɨɪɵɟ ɜ ɞаɥɶɧɟɣɲɟɦ ɩɨɦɨɝɭɬ 
ɩɨɥɭчɢɬɶ ɨɝɪаɧɢчɟɧɢя ɧа ɩɨɥɢɝɨɧ ɜ ɫɥɭчаɟ 
ɦɨɞɭɥяɪɧɨɫɬɢ, ɢɥɢ ɞɢɫɬɪɢɛɭɬɢɜɧɨɫɬɢ, ɢɥɢ 
ɤаɤɢɯ-ɥɢɛɨ ɞɪɭɝɢɯ ɭɫɥɨɜɢɣ ɧа ɪɟɲёɬɤɭ ɟɝɨ 
ɤɨɧɝɪɭɷɧɰɢɣ.  
ɇаɩɨɦɧɢɦ ɧɟɤɨɬɨɪɵɟ ɨɩɪɟɞɟɥɟɧɢя, ɧɟɨɛɯɨɞɢɦɵɟ 
ɞɥя ɞаɥɶɧɟɣɲɟɝɨ. 
ɉɨɥɭɝɪɭɩɩа ɩɪаɜɵɯ ɧɭɥɟɣ R  – ɩɨɥɭɝɪɭɩɩа, ɜ 
ɤɨɬɨɪɨɣ =ab b  ɞɥя ɥɸɛɵɯ ,a b R . Ⱥɧаɥɨɝɢчɧɨ 
ɷɬɨɦɭ ɜ ɩɨɥɭɝɪɭɩɩɟ ɥɟɜɵɯ ɧɭɥɟɣ =ab a . 

ɉɪɹмɨɭɝɨɥɶɧаɹ ɫɜɹɡка – ɷɬɨ ɩɪяɦɨɟ ɩɪɨɢɡɜɟɞɟɧɢɟ 
ɩɨɥɭɝɪɭɩɩɵ ɥɟɜɵɯ ɧɭɥɟɣ ɧа ɩɨɥɭɝɪɭɩɩɭ ɩɪаɜɵɯ 
ɧɭɥɟɣ:  .S L R   ɂɧɵɦɢ ɫɥɨɜаɦɢ, 
ɩɪяɦɨɭɝɨɥɶɧая ɫɜяɡɤа – ɷɬɨ ɦɧɨɠɟɫɬɜɨ ɩаɪ ( , ),l r

ɝɞɟ ,l L  ,r R  ɫ ɭɦɧɨɠɟɧɢɟɦ 
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( , ) ( , ) = ( , )l r l r l r   . 

Ʉɨɧɝɪɭɷɧцɢɟɣ ɩɨɥɢɝɨɧа X  ɧаɞ ɩɨɥɭɝɪɭɩɩɨɣ S  

ɧаɡɵɜаɟɬɫя ɬаɤɨɟ ɨɬɧɨɲɟɧɢɟ ɷɤɜɢɜаɥɟɧɬɧɨɫɬɢ   

ɧа ɦɧɨɠɟɫɬɜɟ ,X  чɬɨ ( , ) ( , )x y xs ys     

ɞɥя ɜɫɟɯ , ,x y X .s S  Ɋɟɲёɬɤɭ ɤɨɧɝɪɭɷɧɰɢɣ 
ɩɨɥɢɝɨɧа X  ɨɛɨɡɧачɢɦ Con X . 

Ʉɨɩɪɨɢɡɜɟɞɟɧɢɟм i

i I

X

C  ɫɟɦɟɣɫɬɜа ɩɨɥɢɝɨɧɨɜ 

{ | }
i

X i I  ɧаɞ ɩɨɥɭɝɪɭɩɩɨɣ S  ɧаɡɨɜёɦ 
ɞɢɡɴɸɧɤɬɧɨɟ ɨɛɴɟɞɢɧɟɧɢɟ ɷɬɢɯ ɩɨɥɢɝɨɧɨɜ (ɟɫɥɢ 

i
X  ɢɦɟɸɬ ɦɟɠɞɭ ɫɨɛɨɣ ɧɟɩɭɫɬɵɟ ɩɟɪɟɫɟчɟɧɢя, 

ɬɨ ɜɨɡɶɦёɦ ɢɯ ɢɡɨɦɨɪɮɧɵɟ ɩɨɩаɪɧɨ ɧɟ 
ɩɟɪɟɫɟɤаɸщɢɟɫя ɤɨɩɢɢ).  
ɉɭɫɬɶ X  – ɩɨɥɢɝɨɧ ɧаɞ ɩɪяɦɨɭɝɨɥɶɧɨɣ ɫɜяɡɤɨɣ 

.S L R   ɉɨɥɨɠɢɦ .Y XS  ɇɟɬɪɭɞɧɨ 
ɩɪɨɜɟɪɢɬɶ, чɬɨ ɞɥя ɥɸɛɵɯ ,y Y  , ,l l L  r R  

ɢɦɟɟɬ ɦɟɫɬɨ ɪаɜɟɧɫɬɜɨ ( , ) ( , ),y l r y l r    ɬ.ɟ. 
ɩɪɨɢɡɜɟɞɟɧɢɟ ɧɟ ɡаɜɢɫɢɬ ɨɬ .l  ɗɬɨ ɨɡɧачаɟɬ, чɬɨ 
ɦɧɨɠɟɫɬɜɨ Y  ɦɨɠɧɨ ɪаɫɫɦаɬɪɢɜаɬɶ ɤаɤ ɩɨɥɢɝɨɧ 
ɧаɞ ɩɨɥɭɝɪɭɩɩɨɣ ɩɪаɜɵɯ ɧɭɥɟɣ .R  Ʉɨɧɝɪɭɷɧɰɢɢ  
ɩɨɥɢɝɨɧа Y  ɨɞɧɢ ɢ ɬɟ ɠɟ, ɟɫɥɢ ɟɝɨ 
ɪаɫɫɦаɬɪɢɜаɬɶ ɤаɤ R -ɩɨɥɢɝɨɧ ɢɥɢ ɤаɤ S -

ɩɨɥɢɝɨɧ. Ʉɪɨɦɟ ɬɨɝɨ, ɪɟɲёɬɤа ɤɨɧɝɪɭɷɧɰɢɣ 
ɩɨɥɢɝɨɧа Y  ɢɡɨɦɨɪɮɧɨ ɜɤɥаɞɵɜаɟɬɫя ɜ ɪɟɲёɬɤɭ 
Con X  ɫɥɟɞɭɸщɢɦ ɨɛɪаɡɨɦ: ,

X
 a  ɝɞɟ 

Con ,Y  {( , ) | }
X

x x x X    – ɨɬɧɨɲɟɧɢɟ 
ɪаɜɟɧɫɬɜа ɧа .X  

ɉɭɫɬɶ X  – ɩɨɥɢɝɨɧ ɧаɞ ɩɪяɦɨɭɝɨɥɶɧɨɣ ɫɜяɡɤɨɣ 
S L R   ɢ .Y XS  Ʉаɤ ɨɬɦɟчаɥɨɫɶ ɪаɧɟɟ, Y  

яɜɥяɟɬɫя ɨɞɧɨɜɪɟɦɟɧɧɨ R - ɢ S -ɩɨɥɢɝɨɧɨɦ, 
ɩɪɢчёɦ Con Con .

R S
Y Y  Ɋаɡɥɨɠɢɦ Y  ɜ 

ɤɨɩɪɨɢɡɜɟɞɟɧɢɟ ɤɨɧɟɪаɡɥɨɠɢɦɵɯ ɩɨɥɢɝɨɧɨɜ:  
.

i

i I

Y Y


C  Ɇɨɠɧɨ ɩɪɨɜɟɪɢɬɶ, чɬɨ i
Y aS  ɞɥя 

ɥɸɛɨɝɨ i
a Y  ɢ | | 1

i
Y r   ɞɥя ɜɫɟɯ .r R  ɉɭɫɬɶ 

{ }.
i ir

Y r y  Ⱦɥя ,i j I  ɢ i j  ɨɛɨɡɧачɢɦ чɟɪɟɡ 

ij
  ɞɜɭɞɨɥɶɧɵɣ ɝɪаɮ ɫ ɦɧɨɠɟɫɬɜɨɦ ɜɟɪɲɢɧ 

i j
Y Y  ( i

Y  ɢ 
j

Y  – ɟɝɨ ɞɨɥɢ) ɢ ɪёɛɪаɦɢ ( , )
ir jr

y y  

ɩɪɢ .r R  

Ⱦɥя ɞаɥɶɧɟɣɲɟɝɨ ɧаɦ ɩɨɧаɞɨɛɢɬɫя ɫɥɟɞɭɸщая 
ɥɟɦɦа. 
Ʌɟɦɦɚ.  ɉɭɫɬɶ X  – ɩɨɥɢɝɨɧ ɧаɞ ɩɪɹмɨɭɝɨɥɶɧɨɣ 
ɫɜɹɡкɨɣ ,S L R  , =

i

i I

XS Y

C  – ɪаɡɥɨɠɟɧɢɟ 

ɩɨɞɩɨɥɢɝɨɧа XS  ɜ кɨɩɪɨɢɡɜɟɞɟɧɢɟ 
кɨɧɟɪаɡɥɨɠɢмɵɯ ɩɨɞɩɨɥɢɝɨɧɨɜ ɢ .Con X  

ɉɭɫɬɶ ( , )y y    ɞɥɹ ɧɟкɨɬɨɪɵɯ ,
i

y Y  ,
j

y Y  

ɩɪɢɱём .i j  ȿɫɥɢ ɝɪаɮ  
ij

  ɫɜɹɡɟɧ, ɬɨ ɜɫɟ 

ɷɥɟмɟɧɬɵ мɧɨɠɟɫɬɜа 
i j

Y Y   ɥɟɠаɬ ɜ ɨɞɧɨм 
 -кɥаɫɫɟ. 
Дɨкаɡаɬɟɥɶɫɬɜɨ. ɉɭɫɬɶ ɜɵɩɨɥɧɟɧɵ ɭɫɥɨɜɢя 
ɥɟɦɦɵ. Ⱦɨɫɬаɬɨчɧɨ ɞɨɤаɡаɬɶ, чɬɨ ( , )z z    ɩɪɢ 
ɥɸɛɵɯ ,

i
z Y  .

j
z Y  ɉɨ ɭɫɥɨɜɢɸ ( , ) .y y    

ɍɦɧɨɠɢɜ ɧа ɥɸɛɨɟ ,r R  ɩɨɥɭчɢɦ ( , ) ,yr y r    

ɬ.ɟ. ( , ) .
ir ir

y y    Ɍаɤ ɤаɤ ɝɪаɮ 
ij

  ɫɜяɡɟɧ, ɬɨ ɜ 
ɧёɦ ɫɭщɟɫɬɜɭɟɬ ɩɭɬɶ ɨɬ y  ɤ .z  ȼɜɢɞɭ 
ɫɢɦɦɟɬɪɢчɧɨɫɬɢ ɢ ɬɪаɧɡɢɬɢɜɧɨɫɬɢ ɨɬɧɨɲɟɧɢя   

ɦɵ ɩɨɥɭчаɟɦ, чɬɨ ( , ) .y z    ȼɜɢɞɭ 
ɩɪɨɢɡɜɨɥɶɧɨɫɬɢ ɷɥɟɦɟɧɬа 

j
z Y  ɦɵ ɩɨɥɭчаɟɦ, 

чɬɨ ɜɫɟ ɷɥɟɦɟɧɬɵ ɦɧɨɠɟɫɬɜа 
j

Y  ɥɟɠаɬ ɜ ɨɞɧɨɦ 
 -ɤɥаɫɫɟ ɫ ɷɥɟɦɟɧɬɨɦ .y  Ⱥɧаɥɨɝɢчɧɨ 
ɞɨɤаɡɵɜаɟɬɫя, чɬɨ ɜɫɟ ɷɥɟɦɟɧɬɵ ɢɡ i

Y  ɥɟɠаɬ ɜ 
ɨɞɧɨɦ  -ɤɥаɫɫɟ ɫ ɷɥɟɦɟɧɬɨɦ .y  Ɉɬɫɸɞа 
ɫɥɟɞɭɟɬ, чɬɨ ( , ) .z z     

Ⱦɥя ɥɸɛɨɝɨ ɦɧɨɠɟɫɬɜа A  чɟɪɟɡ Eq A  ɛɭɞɟɦ 
ɨɛɨɡɧачаɬɶ ɪɟɲёɬɤɭ ɨɬɧɨɲɟɧɢɣ ɷɤɜɢɜаɥɟɧɬɧɨɫɬɢ 
ɧа ɦɧɨɠɟɫɬɜɟ .A  

Ɍɟɨɪɟɦɚ. ɉɭɫɬɶ X  – ɩɨɥɢɝɨɧ ɧаɞ ɩɪɹмɨɭɝɨɥɶɧɨɣ 
ɫɜɹɡкɨɣ ,S L R   =

i

i I

XS Y

C  – ɪаɡɥɨɠɟɧɢɟ 

ɩɨɞɩɨɥɢɝɨɧа XS  ɜ кɨɩɪɨɢɡɜɟɞɟɧɢɟ 
кɨɧɟɪаɡɥɨɠɢмɵɯ ɩɨɞɩɨɥɢɝɨɧɨɜ .

i
Y  ȼɨɡɶмём 

ɥɸɛɨɟ Eq .I   Даɥɟɟ, ɜɨɡɶмём какɨɟ-ɥɢɛɨ 
ɩɨɞмɧɨɠɟɫɬɜɨ I I  , ɫɨɫɬɨɹɳɟɟ ɢɡ ɷɥɟмɟɧɬɨɜ, 
 -кɥаɫɫɵ кɨɬɨɪɵɯ ɨɞɧɨɷɥɟмɟɧɬɧɵ (ɜɨɡмɨɠɧɨ, 

=I   ). Дɥɹ каɠɞɨɝɨ i I   ɜɨɡɶмём ɥɸɛɨɟ 
Eq .

i i
Y   ɉɨɥɨɠɢм = \I I I  . Тɨɝɞа 

ɨɬɧɨɲɟɧɢɟ 

 

( , ) ( , )

=
i i i

i I i Ii I j I
i j i j

Y Y

 

 
    
 

 
    
 

U U U U  (1) 

 

ɹɜɥɹɟɬɫɹ кɨɧɝɪɭɷɧцɢɟɣ ɩɨɥɢɝɨɧа .Y XS  Ʉɪɨмɟ 
ɬɨɝɨ, ɟɫɥɢ ɜɫɟ ɝɪаɮɵ 

ij
  ɫɜɹɡɧɵ, ɬɨ ɥɸɛаɹ 

кɨɧɝɪɭɷɧцɢɹ ɩɨɥɢɝɨɧа Y  ɢмɟɟɬ ɜɢɞ (1).  
Дɨкаɡаɬɟɥɶɫɬɜɨ. Ⱦɨɤаɠɟɦ ɜɧачаɥɟ, чɬɨ 
ɨɬɧɨɲɟɧɢɟ   яɜɥяɟɬɫя ɤɨɧɝɪɭɷɧɰɢɟɣ. əɫɧɨ, чɬɨ 
  – ɨɬɧɨɲɟɧɢɟ ɷɤɜɢɜаɥɟɧɬɧɨɫɬɢ. ɇɭɠɧɨ 
ɞɨɤаɡаɬɶ, чɬɨ ( , )xs ys   ɩɪɢ ( , )x y   ɢ 

( , ) .s l r S   ȿɫɥɢ ( , )
i

x y  , ɬɨ , ,
i

x y Y  а 
ɡɧачɢɬ, =xs ys  (ɥɟɜая ɢ ɩɪаɜая чаɫɬɢ ɪаɜɧɵ ir

y ), 

ɨɬɤɭɞа ( , ) .xs ys   ɉɭɫɬɶ ɬɟɩɟɪɶ 
( , )

,
i

i j

x y Y


 U  
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ɞɥя ɧɟɤɨɬɨɪɨɝɨ j I  . Ɍаɤ ɤаɤ i
Y  – 

ɩɨɞɩɨɥɢɝɨɧɵ ɩɨɥɢɝɨɧа ,X  ɬɨ 
( , )

, ,
i

i j

xs ys Y


 U  

ɫɥɟɞɨɜаɬɟɥɶɧɨ, ( , ) .xs ys    

ɉɪɟɞɩɨɥɨɠɢɦ ɬɟɩɟɪɶ, чɬɨ ɝɪаɮɵ 
ij

  ɫɜяɡɧɵ ɢ 
Con .Y  ȼɜɟɞёɦ ɜ ɪаɫɫɦɨɬɪɟɧɢɟ ɨɬɧɨɲɟɧɢɟ 

= {( , ) | ( ) }
i j

i j I I X X       ɧа 
ɦɧɨɠɟɫɬɜɟ .I  ɉɪɨɜɟɪɢɦ, чɬɨ Eq .I   

Ɋɟɮɥɟɤɫɢɜɧɨɫɬɶ ɢ ɫɢɦɦɟɬɪɢчɧɨɫɬɶ ɨɬɧɨɲɟɧɢя 
  ɨчɟɜɢɞɧɵ. ɉɭɫɬɶ ( , ), ( , ) .i j j k   Ɍɨɝɞа 

( , ), ( , )x y y z    ɩɪɢ ɧɟɤɨɬɨɪɵɯ ,
i

x Y

, ,
j

y y Y  .
k

z Y  ȿɫɥɢ =i j  ɢɥɢ = ,j k  ɬɨ яɫɧɨ, 

чɬɨ ( , ) .i k   Ⱦаɥɟɟ ɫчɢɬаɟɦ, чɬɨ i j  ɢ .j k  

Ɍаɤ ɤаɤ ɝɪаɮ 
ij

  ɫɜяɡɟɧ, ɬɨ ɩɨ ɥɟɦɦɟ .
i j

Y Y    

ɂɡ ɫɜяɡɧɨɫɬɢ ɝɪаɮа 
jk

  аɧаɥɨɝɢчɧɨ ɩɨɥɭчаɟɦ, 

чɬɨ .
j k

Y Y    Ɍɪаɧɡɢɬɢɜɧɨɫɬɶ ɨɬɧɨɲɟɧɢя   

ɞаёɬ ɜɤɥɸчɟɧɢɟ .
i k

Y Y    Ɍаɤɢɦ ɨɛɪаɡɨɦ,   

ɬɪаɧɡɢɬɢɜɧɨ. ɋɥɟɞɨɜаɬɟɥɶɧɨ, Eq .I    

ɉɭɫɬɶ = { | ( )  ɩɪɢ ж.
i j

I i I Y Y j i       

Ɍɨɝɞа ɞɥя ɤаɠɞɨɝɨ i I   ɟɝɨ  -ɤɥаɫɫ ɫɨɫɬɨɢɬ ɢɡ 
ɨɞɧɨɝɨ ɷɥɟɦɟɧɬа .i  Ⱦɥя i I   ɩɨɥɨɠɢɦ 

= ( ).
i i i

Y Y    əɫɧɨ, чɬɨ Eq .
i

Y    

ɉɨɥɨɠɢɦ = \I I I  . Ɍɨɝɞа ɩɪɢ i I   

ɫɭщɟɫɬɜɭɸɬ ɷɥɟɦɟɧɬɵ ,x y  ɬаɤɢɟ, чɬɨ ,
i

x Y  

j
y Y  ɩɪɢ ɧɟɤɨɬɨɪɨɦ j i  ɢ ( , ) .x y   Ɍаɤ ɤаɤ 

ɝɪаɮ 
ij

  ɫɜяɡɟɧ, ɬɨ ɩɨ ɥɟɦɦɟ .
i j

Y Y    ɉɪɢ 

ɷɬɨɦ, ɨчɟɜɢɞɧɨ, ( , )i j  . ɇаɨɛɨɪɨɬ, ɟɫɥɢ 
( , )i j   ɢ ,i j  ɬɨ ,i j I   ɢ .

i j
Y Y    

ɋɥɟɞɨɜаɬɟɥɶɧɨ, ,i j I  . Ɍɟɩɟɪɶ яɫɧɨ, чɬɨ   

ɢɦɟɟɬ ɜɢɞ (1). 
ɗɬа ɬɟɨɪɟɦа ɩɨɡɜɨɥяɟɬ ɫɞɟɥаɬɶ ɢɧɬɟɪɟɫɧɨɟ 
ɡаɦɟчаɧɢɟ. ɉɭɫɬɶ .X XS  ȿɫɥɢ ɜɫɟ ɝɪаɮɵ 

ij
y  ɫɜяɡɧɵ, ɬɨ ɪɟɲёɬɤа ɤɨɧɝɪɭɷɧɰɢɣ  Con X  

ɧɟ ɡаɜɢɫɢɬ ɨɬ ɜɢɞа ɷɬɢɯ ɝɪаɮɨɜ (ɜаɠɟɧ ɥɢɲɶ ɫаɦ 
ɮаɤɬ ɢɯ ɫɜяɡɧɨɫɬɢ).Ɋɟɲёɬɤа ɤɨɧɝɪɭɷɧɰɢɣ ɡаɜɢɫɢɬ 
ɥɢɲɶ ɨɬ ɦɨщɧɨɫɬɟɣ | |

i
Y  ɤɨɧɟɪаɡɥɨɠɢɦɵɯ 

ɤɨɦɩɨɧɟɧɬ. 
ɉɪɟɠɞɟ, чɟɦ ɩɪɢɜɟɫɬɢ ɩɪɢɦɟɪ ɪɟɲёɬɤɢ 
ɤɨɧɝɪɭɷɧɰɢɣ ɩɨɥɢɝɨɧа ɜ ɰɟɥяɯ ɭɩɪɨщɟɧɢя 
ɡаɩɢɫɢ ɤɨɧɝɪɭɷɧɰɢɣ ɜɜɟɞёɦ ɫɥɟɞɭɸщɢɟ 
ɨɛɨɡɧачɟɧɢя. ȿɫɥɢ   – ɨɬɧɨɲɟɧɢɟ 
ɷɤɜɢɜаɥɟɧɬɧɨɫɬɢ ɧа ɦɧɨɠɟɫɬɜɟ X  ɢ 

11{ , , },
n

x xK  

1 21{ , , },
n n

x x K  … , 
1 1{ , , }

k kn n
x x

  K  –  ɟё ɤɥаɫɫɵ, ɬɨ 

ɛɭɞɟɦ ɩɢɫаɬɶ  

1 1 2 11 1 1( , , )( , , ) ( , , ).
k kn n n n n

x x x x x x
  K K K K  

ɉɪɢ ɷɬɨɦ ɷɥɟɦɟɧɬɵ ɨɞɧɨɷɥɟɦɟɧɬɧɵɯ ɤɥаɫɫɨɜ 
ɦɨɠɧɨ ɜɨɨɛщɟ ɧɟ ɩɢɫаɬɶ. ɇаɩɪɢɦɟɪ, ɡаɩɢɫɶ 

(123)(45)(67)   ɨɡɧачаɟɬ, чɬɨ {1,2,3},  {4,5},  

{6,7}  – ɤɥаɫɫɵ ɨɬɧɨɲɟɧɢя ,  а ɨɫɬаɥɶɧɵɟ 
ɤɥаɫɫɵ ɨɞɧɨɷɥɟɦɟɧɬɧɵ. 
Ⱦɥя ɥɸɛɨɝɨ ɩɨɥɢɝɨɧа X  ɨɬɧɨɲɟɧɢɟ 

{( , ) | }x x x X    (ɨɬɧɨɲɟɧɢɟ ɪаɜɟɧɫɬɜа) ɢ 
ɨɬɧɨɲɟɧɢɟ {( , ) | , }X X x y x y X      

(ɭɧɢɜɟɪɫаɥɶɧɨɟ ɨɬɧɨɲɟɧɢɟ) яɜɥяɸɬɫя 
ɤɨɧɝɪɭɷɧɰɢяɦɢ, ɩɪɢчёɦ   – ɧаɢɦɟɧɶɲɢɣ 
ɷɥɟɦɟɧɬ ɪɟɲёɬɤɢ Con ,X  а   – ɟё ɧаɢɛɨɥɶɲɢɣ 
ɷɥɟɦɟɧɬ. 
ɉɪɢɦɟɪ. ɉɭɫɬɶ = {1,2,3,4,5,6,7}X  – ɩɨɥɢɝɨɧ 
ɧаɞ ɩɪɹмɨɭɝɨɥɶɧɨɣ ɫɜɹɡкɨɣ ,S  ɩɪɢɱём X XS  ɢ 

1 = {1, 2,3},Y  2 = {4,5},Y  3 = {6,7}Y  – ɟɝɨ 
кɨɧɟɪаɡɥɨɠɢмɵɟ ɩɨɞɩɨɥɢɝɨɧɵ. Тɨɝɞа 
мɧɨɠɟɫɬɜɨ 

C  { , (12), (13), (23), (123), (45), (12)(45), 

(13)(45), (23)(45), (123)(45), (67), (12)(67), 

(13)(67), (23)(67), (123)(67), (12)(45)(67), 

(13)(45)(67), (23)(45)(67), (123)(45)(67), (4567), 

(12)(4567), (13)(4567), (23)(4567), (123)(4567), 

(12345), ((12367), (12345)(67), (12367)(45),  }  

 ɹɜɥɹɟɬɫɹ ɩɨɞɪɟɲёɬкɨɣ ɪɟɲёɬкɢ кɨɧɝɪɭɷɧцɢɣ 
ɩɨɥɢɝɨɧа X . ȿɫɥɢ ɝɪаɮɵ 12 13 23, ,    ɫɜɹɡɧɵ, ɬɨ 
ɞɪɭɝɢɯ кɨɧɝɪɭɷɧцɢɣ ɧɟɬ, ɬ.ɟ. Con = .X C   

Ɋɟɲёɬɤа C  ɢɡɨɛɪаɠɟɧа ɧа ɪɢɫɭɧɤɟ 1. 

 
Ɋɢɫɭɧɨɤ 1 - Ɋɟɲёɬɤа C  

 

 

1. Kilp M., Knauer U., Mikhalev A.V.   

Monoids, Acts and Categories.  N.Y. – Berlin, 



                                                         ɂɇɎɈɊɆȺɌɂɄȺ ɂ ɄɂȻȿɊɇȿɌɂɄȺ                      

                                                               Ⱦɨɧɟɰɤ ȾɨɧɇɌɍ №  1(11), 2018 

                                                                                                                              

                                          

52 

 

Walter de Gruyter, 2000. 

2. ɉɥɨɬɤɢɧ Ȼ.ɂ., Гɜаɪаɦɢя Ⱥ.Ⱥ., 
Гɪɢɧɝɥаɡ Ʌ.ə. Эɥɟмɟɧɬɵ аɥɝɟɛɪаɢɱɟɫкɨɣ ɬɟɨɪɢɢ 
аɜɬɨмаɬɨɜ.  Ɇ., ȼɵɫɲая ɲɤɨɥа, 1994. 

3. Avdeyev A.Yu., Kozhukhov I.B.  Acts 

over completely 0-simple semigroups.   Acta 

Cybernetica, β000, ɬ. 14, ɜɵɩ. 4, ɫ. 5βγ–531. 

4. ɉɪɟɫɬɨɧ Г., Ʉɥɢɮɮɨɪɞ Ⱥ.   
Ⱥɥɝɟɛɪаɢɱɟɫкаɹ ɬɟɨɪɢɹ ɩɨɥɭɝɪɭɩɩ.  Ɍɬ. 1, β. Ɇ., 
Ɇɢɪ, 197β, 1974. 

5. ɏаɥɢɭɥɥɢɧа Ⱥ.Ɋ. ɍɫɥɨɜɢя 
ɦɨɞɭɥяɪɧɨɫɬɢ ɪɟɲёɬɤɢ ɤɨɧɝɪɭɷɧɰɢɣ ɩɨɥɢɝɨɧа 
ɧаɞ ɩɨɥɭɝɪɭɩɩɨɣ ɩɪаɜɵɯ ɢɥɢ ɥɟɜɵɯ ɧɭɥɟɣ.  
Даɥɶɧɟɜɨɫɬɨɱɧɵɣ маɬɟмаɬɢɱɟɫкɢɣ ɠɭɪɧаɥ, 

β015, ɬ. 15, ɜɵɩ. 1, ɋ. 10β–120. 

6. ɏаɥɢɭɥɥɢɧа Ⱥ.Ɋ..  Ʉɨɧɝɪɭɷɧɰɢɢ 
ɩɨɥɢɝɨɧɨɜ ɧаɞ ɩɨɥɭɝɪɭɩɩаɦɢ ɩɪаɜɵɯ ɧɭɥɟɣ.   
Чɟɛɵɲɟɜɫкɢɣ ɫɛɨɪɧɢк,    14(3):142–146, 2013. 

7. ɉɬаɯɨɜ Ⱦ.Ɉ., ɋɬɟɩаɧɨɜа Ⱥ.Ⱥ.  
Ɋɟɲёɬɤɢ ɤɨɧɝɪɭɷɧɰɢɣ ɩɨɥɢɝɨɧɨɜ.   
Даɥɶɧɟɜɨɫɬɨɱɧɵɣ маɬɟмаɬɢɱɟɫкɢɣ ɠɭɪɧаɥ, 

β01γ, ɬ. 1γ, ɜɵɩ. 1, ɫ. 107–115. 

8. Ʉɨɠɭɯɨɜ ɂ.Ȼ., ɏаɥɢɭɥɥɢɧа Ⱥ.Ɋ. Ɉ 
ɪɟɲёɬɤɟ ɤɨɧɝɪɭɷɧɰɢɣ ɩɨɥɢɝɨɧɨɜ ɧаɞ 
ɩɪяɦɨɭɝɨɥɶɧɵɦɢ ɫɜяɡɤаɦɢ. ɋɛ. ɧаɭɱɧ. ɬɪɭɞɨɜ 
ɆɂЭТ, ɩɨɫɜ. 70-ɥɟɬɢɸ ɩɪɨɮ. Ⱥ.ɋ.ɉɨɫɩɟɥɨɜа, Ɇ., 
ɆɂɗɌ, β016, ɋ. 75–82. 



                                                         ɂɇɎɈɊɆȺɌɂɄȺ ɂ ɄɂȻȿɊɇȿɌɂɄȺ                      

                                                               Ⱦɨɧɟɰɤ ȾɨɧɇɌɍ №  1(11), 2018 

                                                                                                                              

                                          

53 

 

 

 

 

Ʉɨɠɭɯɨɜ ɂ.Ȼ., ɉɪɹɧɢɱɧɢɤɨɜ Ⱥ.Ɇ. Ɉ ɤɨɧɝɪɭɷɧɰɢɹɯ ɩɨɥɢɝɨɧɨɜ ɧɚɞ ɩɪɹɦɨɭɝɨɥɶɧɵɦɢ ɫɜɹɡɤɚɦɢ. 
ɋɬɪɨɢɬɫɹ ɫɟɪɢɹ кɨɧɝɪɭɷɧцɢɣ ɩɨɥɢɝɨɧа ɧаɞ ɩɪɹмɨɭɝɨɥɶɧɨɣ ɫɜɹɡкɨɣ. ɉɪɢ ɨɩɪɟɞɟɥёɧɧɵɯ ɭɫɥɨɜɢɹɯ 
ɢмɢ ɢɫɱɟɪɩɵɜаɸɬɫɹ ɜɫɟ кɨɧɝɪɭɷɧцɢɢ ɩɨɥɢɝɨɧа. Ɋɟɡɭɥɶɬаɬɵ ɩɪɟɞɩɨɥаɝаɟɬɫɹ ɩɪɢмɟɧɢɬɶ ɜ 
ɢɫɫɥɟɞɨɜаɧɢɢ ɩɨɥɢɝɨɧɨɜ ɫ ɭɫɥɨɜɢɹмɢ ɧа кɨɧɝɪɭɷɧцɢɢ. 
 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɩɨɥɢɝɨɧ ɧаɞ ɩɨɥɭɝɪɭɩɩɨɣ, ɩɪɹмɨɭɝɨɥɶɧаɹ ɫɜɹɡка, ɪɟɲёɬка кɨɧɝɪɭɷɧцɢɣ. 
 

Kozhukhov I.B., Pryanichnikov A.M. On congruences of acts over rectangular bands. We construct a 

series of congruences of an act over a rectangular bund. Under certain conditions, they are all the 

congruences of the act. We hope to apply the result in the study of acts with conditions on congruences. 

 

Keywords: act over semigroup, rectangular band, congruence lattice. 
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Ɋɟкɨмɟɧɞɨɜаɧа к ɩɭɛɥɢкацɢɢ ɞ-ɪɨм ɮɢɡ.-маɬ.  ɧаɭк Ⱥ.ɋ. Ɇɢɧɟɧкɨ 

 

 

  


