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ɍȾɄ 5.12.64:514.12 

Ɏɨɪɦɭɥɵ ɩɨɧɢɠɟɧɢɹ ɧɚɬɭɪɚɥɶɧɨɣ ɫɬɟɩɟɧɢ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɢɯ 
ɮɭɧɤɰɢɣ ɜ ɢɧɬɟɝɪɚɥɶɧɨɦ ɢɫɱɢɫɥɟɧɢɢ 
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Ⱦɨɧɟɰɤɢɣ ɧɚɰɢɨɧɚɥɶɧɵɣ ɬɟɯɧɢɱɟɫɤɢɣ ɭɧɢвɟɪɫɢɬɟɬ 
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Ɇɢɪɨɧɟɧɤɨ Ʌ.ɉ., ɉɭɫɬɨɜɚɹ ɘ.ȼ. Фɨɪɦɭɥɵ ɩɨɧɢɠɟɧɢɹ ɧɚɬɭɪɚɥɶɧɨɣ ɫɬɟɩɟɧɢ 
ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɢɯ ɮɭɧɤɰɢɣ ɜ ɢɧɬɟɝɪɚɥɶɧɨɦ ɢɫɱɢɫɥɟɧɢɢ. Аɧɧɨɬɚɰия. 

ɐɟɥɶɸ ɫɬɚɬɶɢ ɹвɥɹɟɬɫɹ ɩɪɨɞвɢɠɟɧɢɟ ɮɨɪɦɭɥ ɩɨɧɢɠɟɧɢɹ ɧɚɬɭɪɚɥɶɧɨɣ ɫɬɟɩɟɧɢ ɮɭɧɤɰɢɣ x
ncos  ɢ x

nsin  

в ɪɚɡɥɢɱɧɵɟ ɪɚɡɞɟɥɵ ɦɚɬɟɦɚɬɢɤɢ, в ɱɚɫɬɧɨɫɬɢ, в ɢɧɬɟɝɪɚɥɶɧɨɟ ɢɫɱɢɫɥɟɧɢɟ. ɉɨɥɭɱɟɧɵ ɮɨɪɦɭɥɵ, 
ɩɨɡвɨɥɹɸɳɢɟ ɛɨɥɟɟ ɷɮɮɟɤɬɢвɧɨ вɵɱɢɫɥɹɬɶ ɢɧɬɟɝɪɚɥɵ ɨɬ ɪɚɰɢɨɧɚɥɶɧɵɯ ɞɪɨɛɟɣ ɫɩɟɰɢɚɥɶɧɨɝɨ вɢɞɚ. 
ɉɪɟɞɥɨɠɟɧɨ ɧɨвɨɟ ɩɪɟɞɫɬɚвɥɟɧɢɟ ɮɨɪɦɭɥɵ ȼɚɥɥɢɫɚ вɵɱɢɫɥɟɧɢɹ ɱɢɫɥɚ  . Ɏɨɪɦɭɥɵ ɩɨɧɢɠɟɧɢɹ ɞɚɸɬ 
ɪɹɞ ɧɨвɵɯ ɮɨɪɦɭɥ ɬɪɢɝɨɧɨɦɟɬɪɢɢ ɢɥɢ, ɩɨ ɤɪɚɣɧɟɣ ɦɟɪɟ, ɨɛɳɭɸ ɦɟɬɨɞɢɤɭ ɩɨɥɭɱɟɧɢɹ ɛɨɥɶɲɨɝɨ ɱɢɫɥɚ 
ɮɨɪɦɭɥ ɬɪɢɝɨɧɨɦɟɬɪɢɢ. 

 

 

 

Вɜɟɞɟɧɢɟ 

Ɏɨɪɦɭɥɵ ɩɨɧɢɠɟɧɢɹ ɧɚɬɭɪɚɥɶɧɨɣ 
ɫɬɟɩɟɧɢ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɢɯ ɮɭɧɤɰɢɣ x

ncos  ɢ 
x

nsin в ɦɚɬɟɦɚɬɢɱɟɫɤɨɦ ɚɧɚɥɢɡɟ, в ɱɚɫɬɧɨɫɬɢ, 
в ɬɪɢɝɨɧɨɦɟɬɪɢɢ, ɨɛɵɱɧɨ ɢɫɩɨɥɶɡɭɸɬɫɹ в 
ɫɥɭɱɚɟ 2n  Д2,4,5Ж. ȼ ɫɥɭɱɚɟ ɩɪɨɢɡвɨɥɶɧɨɝɨ 
ɡɧɚɱɟɧɢɹ n  ( 2n ) ɨɧɢ ɩɪɚɤɬɢɱɟɫɤɢ ɧɟ 
вɫɬɪɟɱɚɸɬɫɹ в ɥɢɬɟɪɚɬɭɪɟ. Ɍɟɦ ɧɟ ɦɟɧɟɟ, ɷɬɢ  
ɮɨɪɦɭɥɵ ɥɟɝɤɨ ɡɚɩɢɫɚɬɶ в ɤɨɦɩɚɤɬɧɨɣ ɮɨɪɦɟ ɢ 
ɷɮɮɟɤɬɢвɧɨ ɢɫɩɨɥɶɡɨвɚɬɶ в ɢɧɬɟɝɪɚɥɶɧɨɦ 
ɢɫɱɢɫɥɟɧɢɢ.  

ȼ ɪɚɛɨɬɟ ɩɪɟɞɥɚɝɚɟɬɫɹ ɨɪɢɝɢɧɚɥɶɧɵɣ 
ɫɩɨɫɨɛ ɩɨɥɭɱɟɧɢɹ ɮɨɪɦɭɥ ɩɨɧɢɠɟɧɢɹ ɫɬɟɩɟɧɢ ɫ 
ɩɨɦɨɳɶɸ ɢɡвɟɫɬɧɨɣ ɮɨɪɦɭɥɵ ɗɣɥɟɪɚ в ɬɟɨɪɢɢ 
ɮɭɧɤɰɢɣ ɤɨɦɩɥɟɤɫɧɨɝɨ ɩɟɪɟɦɟɧɧɨɝɨ. 

ȼ ɤɚɱɟɫɬвɟ ɩɪɢɥɨɠɟɧɢɹ ɪɚɫɫɦɨɬɪɟɧɵ ɞвɟ 
ɤɥɚɫɫɢɱɟɫɤɢɟ ɡɚɞɚɱɢ – вɵɱɢɫɥɟɧɢɟ ɢɧɬɟɝɪɚɥɚ ɨɬ 
ɫɬɚɧɞɚɪɬɧɨɣ (ɷɥɟɦɟɧɬɚɪɧɨɣ) ɪɚɰɢɨɧɚɥɶɧɨɣ 
ɞɪɨɛɢ ɩɨвɵɲɟɧɧɨɣ ɫɥɨɠɧɨɫɬɢ ɢ ɮɨɪɦɭɥɵ 
ȼɚɥɥɢɫɚ, ɩɪɟɞɫɬɚвɥɹɸɳɟɣ ɫɩɨɫɨɛ вɵɱɢɫɥɟɧɢɹ 
ɱɢɫɥɚ  . 

Ɉɫɧɨвɧɨɣ ɰɟɥɶɸ ɫɬɚɬɶɢ ɹвɥɹɟɬɫɹ 
ɩɪɨɞвɢɠɟɧɢɟ ɮɨɪɦɭɥ ɩɨɧɢɠɟɧɢɹ в ɪɚɡɥɢɱɧɵɟ 
ɦɚɬɟɦɚɬɢɱɟɫɤɢɟ ɦɟɬɨɞɵ ɢɫɫɥɟɞɨвɚɧɢɹ. 

ɂɡɥɨɠɟɧɢɟ ɨɫɧɨɜɧɨɝɨ ɦɚɬɟɪɢɚɥɚ 

1. ɉɨɧɢɠɟɧɢɟ ɫɬɟɩɟɧɢ ɮɭɧɤɰɢɣ cosn
x  

ɢ sin
n

x  
Ɋɚɫɫɦɨɬɪɢɦ ɡɚɞɚɱɭ вɵɪɚɠɟɧɢɹ ɮɭɧɤɰɢɣ 

cosn
x  ɢ sinn

x  ɱɟɪɟɡ ɥɢɧɟɣɧɭɸ ɤɨɦɛɢɧɚɰɢɸ 
ɮɭɧɤɰɢɣ cos kx  ɢ sin kx .  

Ⱦɥɹ ɷɬɨɝɨ ɩɪɟɞɫɬɚвɢɦ cos x  в вɢɞɟ 
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ɛɢɧɨɦɢɚɥɶɧɵɟ ɤɨɷɮɮɢɰɢɟɧɬɵ, ɩɨɥɭɱɢɦ 

2 ( ) ( 2 )

0 0

0

1
cos

2 2

1
(cos ( 2 ) sin ( 2 )).

2

nix n n
n k ix n k k ix n k

n nn n
k k

n
k

nn
k

e
x C e C e

C x n k i x n k


 

 



  

   

 


    (1.1) 

Ɂɞɟɫɶ ɢɫɩɨɥɶɡɨвɚɧɚ ɮɨɪɦɭɥɚ ɗɣɥɟɪɚ 
cos sini

e i
     ɩɪɢ ( 2 )x n k   . Ʌɟвɚɹ ɱɚɫɬɶ 

ɪɚвɟɧɫɬвɚ (1.1) ɹвɥɹɟɬɫɹ ɞɟɣɫɬвɢɬɟɥɶɧɨɣ 
ɮɭɧɤɰɢɟɣ, ɚ ɩɪɚвɚɹ ɱɚɫɬɶ ɹвɥɹɟɬɫɹ ɤɨɦɩɥɟɤɫɧɨɣ. 
ɋɥɟɞɨвɚɬɟɥɶɧɨ, ɩɪɢ ɥɸɛɵɯ n  ɞɨɥɠɧɨ 
вɵɩɨɥɧɹɬɶɫɹ ɪɚвɟɧɫɬвɨ 
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  .                         (1.2) 

ɗɬɨ ɪɚвɟɧɫɬвɨ ɥɟɝɤɨ ɩɪɨвɟɪɹɟɬɫɹ ɫ 
ɭɱɟɬɨɦ ɫвɨɣɫɬвɚ ɤɨɷɮɮɢɰɢɟɧɬɨв k n k

n n
C C

  

Д1,3Ж. ȼ ɫɭɦɦɟ (1.2) вɫɟɝɞɚ ɫɭɳɟɫɬвɭɟɬ ɪɚвɧɵɣ ɢ 
ɩɪɨɬɢвɨɩɨɥɨɠɧɵɣ ɩɨ ɡɧɚɤɭ ɱɥɟɧ.  

ȼ ɪɟɡɭɥɶɬɚɬɟ ɩɨɥɭɱɢɦ ɮɨɪɦɭɥɭ, ɤɨɬɨɪɚɹ 
ɪɟɲɚɟɬ ɡɚɞɚɱɭ. 
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             (1.3) 

ɗɬɨ ɩɪɟɞɫɬɚвɥɟɧɢɟ ɦɨɠɧɨ ɪɚɫɫɦɚɬɪɢвɚɬɶ 
ɤɚɤ ɨɛɨɛɳɟɧɢɟ ɮɨɪɦɭɥɵ ɩɨɧɢɠɟɧɢɹ ɫɬɟɩɟɧɢ 
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 . ȼ ɫɚɦɨɦ ɞɟɥɟ, в ɫɥɭɱɚɟ 2n   

ɢɦɟɟɦ ɯɨɪɨɲɨ ɢɡвɟɫɬɧɭɸ ɮɨɪɦɭɥɭ 
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ȼɵɞɟɥɢɦ в ɫɭɦɦɟ (1.3) ɫɥɚɝɚɟɦɨɟ ɫ 
ɧɨɦɟɪɨɦ / 2k n , ɩɪɢ ɤɨɬɨɪɨɦ ɤɨɫɢɧɭɫ ɪɚвɟɧ 
ɟɞɢɧɢɰɟ 
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(1.4) 

ɋ ɧɟɤɨɬɨɪɵɦɢ ɢɡɦɟɧɟɧɢɹɦɢ ɩɨɫɬɭɩɢɦ 
ɚɧɚɥɨɝɢɱɧɨ ɫ ɮɭɧɤɰɢɟɣ sin x , ɡɚɩɢɫɚв ɟɟ в вɢɞɟ 
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ɉɪɟɞɫɬɚвɢɦ ɦɧɢɦɭɸ ɟɞɢɧɢɰɭ i  в 
ɷɤɫɩɨɧɟɧɰɢɚɥɶɧɨɣ ɮɨɪɦɟ /2i

i e
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ɮɨɪɦɭɥɭ ɗɣɥɟɪɚ  
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ɍɱɬɟɦ, ɱɬɨ ɢɦɟɟɬ ɦɟɫɬɨ ɚɧɚɥɨɝɢɱɧɨɟ 
ɪɚвɟɧɫɬвɭ (1.2) ɬɨɠɞɟɫɬвɟɧɧɨɟ ɪɚвɟɧɫɬвɨ  
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 ȼ ɪɟɡɭɥɶɬɚɬɟ ɩɨɥɭɱɢɦ ɢɫɤɨɦɭɸ ɮɨɪɦɭɥɭ 
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ɗɬɭ ɮɨɪɦɭɥɭ ɦɨɠɧɨ ɪɚɫɫɦɚɬɪɢвɚɬɶ ɤɚɤ 
ɨɛɨɛɳɟɧɢɟ ɮɨɪɦɭɥɵ ɩɨɧɢɠɟɧɢɹ ɫɬɟɩɟɧɢ ɞɥɹ 
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 . ȼ ɫɚɦɨɦ ɞɟɥɟ, в ɫɥɭɱɚɟ 2n   

ɢɦɟɟɦ ɯɨɪɨɲɨ ɢɡвɟɫɬɧɭɸ ɮɨɪɦɭɥɭ 
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ȼɵɞɟɥɢɦ в ɫɭɦɦɟ (1.5) ɱɥɟɧ ɫ ɧɨɦɟɪɨɦ 
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        (1.6) 

Ɋɚɫɫɦɨɬɪɢɦ ɧɟɤɨɬɨɪɵɟ ɫвɨɣɫɬвɚ ɮɨɪɦɭɥ 
(1.3), (1.6). ɉɪɟɠɞɟ вɫɟɝɨ, ɡɚɩɢɲɟɦ ɪɚвɟɧɫɬвɚ 
ɞɥɹ ɱɟɬɧɵɯ ɢ ɧɟɱɟɬɧɵɯ n . Ɏɨɪɦɭɥɚ (1.4) ɩɪɢ 
ɱɟɬɧɨɦ 2n m  ɢɦɟɟɬ вɢɞ 
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ɍɱɢɬɵвɚɹ ɫвɨɣɫɬвɨ ɛɢɧɨɦɢɚɥɶɧɵɯ 
ɤɨɷɮɮɢɰɢɟɧɬɨв 2
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(1.7) 

ȿɫɥɢ   2 1n m   - ɧɟɱɟɬɧɨɟ ɱɢɫɥɨ, ɬɨ 
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(1.8) 

Ⱥɧɚɥɨɝɢɱɧɵɟ ɮɨɪɦɭɥɵ ɩɨɥɭɱɢɦ ɞɥɹ 
ɫɢɧɭɫɚ 

 
1

2 2

22 2 1
0

1
sin ( 1) cos2 ,

2 2

m m
m k m km

mm m
k

C
x C m k x
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Ɂɞɟɫɶ ɢɫɩɨɥɶɡɨвɚɧɨ ɪɚвɟɧɫɬвɨ 
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Ɋɚɫɫɦɨɬɪɢɦ ɨɛɪɚɬɧɭɸ ɡɚɞɚɱɭ вɵɪɚɠɟɧɢɹ 
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Ⱦɥɹ ɷɬɨɝɨ ɩɪɟɞɫɬɚвɢɦ cos nx  в вɢɞɟ 
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ȼ ɫɭɦɦɟ ɨɫɬɚɸɬɫɹ ɬɨɥɶɤɨ ɱɟɬɧɵɟ ɡɧɚɱɟɧɢɹ 
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0 2 2 2 2 2

2 2cos2 cos sin cos sin ,x C x C x x x     

0 3 2 2

3 3

3 2

3

cos3 cos cos sin

cos 3cos (1 cos )

4cos 3cos .

x C x C x x

x x x

x x

   

   

 

 

Ⱥɧɚɥɨɝɢɱɧɨ, 

   

 

1 1
sin ( ) ( ) .

2 2

1
(cos sin ) (cos sin ) .

2

inx inx ix n ix n

n n

nx e e e e
i i

x i x x i x
i

     

    
 

0

1
sin cos sin (1 ( 1) )

2

n
k k n k k k

n

k

nx C i x x
i





     

ȼ ɫɭɦɦɟ ɨɫɬɚɸɬɫɹ ɬɨɥɶɤɨ ɧɟɱɟɬɧɵɟ 
ɡɧɚɱɟɧɢɹ 2 1k m   

2 1 2 1 2 1

0

sin ( 1) cos sin )
n

m m n m m

n

m

nx C x x
   



    

ɇɚɩɪɢɦɟɪ, sin 2 2cos sinx x x  , 
0 1 2 1 3 0 3

3 3

2 3 2 3

3

sin 3 ( 1) cos sin ( 1) cos sin

3cos sin sin 3(1 sin ) sin sin

4sin 3sin .

x C x x C x x

x x x x x x

x x

      

       

  

 

 
2. ɂɧɬɟɝɪɚɥ ɨɬ ɪɚɰɢɨɧɚɥɶɧɨɣ ɞɪɨɛɢ 

ɫɩɟɰɢɚɥɶɧɨɝɨ ɜɢɞɚ. Ɏɨɪɦɭɥɚ ȼɚɥɥɢɫɚ 
2.1. ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɢ 

ɉɪɢ ɢɧɬɟɝɪɢɪɨвɚɧɢɢ ɪɚɰɢɨɧɚɥɶɧɵɯ 
ɞɪɨɛɟɣ вɨɡɧɢɤɚɟɬ ɩɪɨɛɥɟɦɚ вɵɱɢɫɥɟɧɢɹ ɞɪɨɛɢ 

вɢɞɚ 
2

,   ,
( )n

Mt N
dt n N

t pt q




   
2

  0
4

p
q   [2,4]. 

ɇɚɞɥɟɠɚɳɟɣ ɡɚɦɟɧɨɣ ɩɟɪɟɦɟɧɧɨɣ ɢ 

ɩɪɟɨɛɪɚɡɨвɚɧɢɟɦ ɱɢɫɥɢɬɟɥɹ ɞɪɨɛɢ, ɡɚɞɚɱɚ 
ɫвɨɞɢɬɫɹ ɤ вɵɱɢɫɥɟɧɢɸ ɢɧɬɟɝɪɚɥɚ 

2 2( )
n n

dx
K

x a


 .                               (2.1) 

ȼ ɫɥɭɱɚɟ 1n   ɢɧɬɟɝɪɢɪɨвɚɧɢɟ 
ɷɥɟɦɟɧɬɚɪɧɨ  

1

1
.

x
K arctg C

a a
   

ȼ ɨɛɳɟɦ ɫɥɭɱɚɟ, ɢɧɬɟɝɪɚɥ (2.1) 
вɵɱɢɫɥɹɟɬɫɹ ɫ ɩɨɦɨɳɶɸ ɪɟɤɭɪɪɟɧɬɧɨɝɨ 
ɫɨɨɬɧɨɲɟɧɢɹ Д2,5,6Ж, в ɤɨɬɨɪɨɦ n

K  вɵɪɚɠɚɟɬɫɹ 
ɱɟɪɟɡ 1n

K    

12 2 2 1 2

2 3

2 ( 1)( ) 2 ( 1)
n nn

x n
K K

a n x a a n



 

  
.    

(2.2) 

ɉɨɫɤɨɥɶɤɭ ɢɧɬɟɝɪɚɥ 
1K  ɢɡвɟɫɬɟɧ, ɬɨ, 

ɩɨɥɚɝɚɹ в (2.2) 2n  , ɛɟɡ ɬɪɭɞɚ ɧɚɯɨɞɢɦ 
ɢɧɬɟɝɪɚɥ 2K . Ɂɧɚɹ 2K , ɧɚɣɞɟɦ 3K  ɢ ɬ.ɞ. 
ɇɚɩɪɢɦɟɪ, 

2 12 2 2 2

2 2 2 3

1

2 ( ) 2

1

2 ( ) 2

x
K K

a x a a

x x
arctg C

aa x a a

  


  


. 

ɋɥɟɞɭɸɳɢɣ ɢɧɬɟɝɪɚɥ 3K  ɝɨɪɚɡɞɨ 
ɫɥɨɠɧɟɟ, ɚ в ɨɛɳɟɦ ɫɥɭɱɚɟ ɮɨɪɦɭɥɚ (2.2) ɞɚɟɬ 
ɧɟɨɛɨɡɪɢɦɵɟ вɵɪɚɠɟɧɢɹ.  

Ɂɚɞɚɱɭ ɦɨɠɧɨ ɪɟɲɢɬɶ ɩɪɨɳɟ [7Ж. Ⱦɥɹ 
ɷɬɨɝɨ в ɢɧɬɟɝɪɚɥɟ (2.1) ɫɞɟɥɚɟɦ ɡɚɦɟɧɭ x a tgt   

ɢ ɩɪɢɦɟɧɢɬɶ ɩɪɟɞɫɬɚвɥɟɧɢɟ (1.7). 
2.2. ȼɵɱɢɫɥɟɧɢɟ ɢɧɬɟɝɪɚɥɚ n

K  

ȼ ɢɧɬɟɝɪɚɥɟ n
K  ɫɞɟɥɚɟɦ ɡɚɦɟɧɭ 

,x a tgt   
2cos ,dx a tdt
  

2 2 2 2( ) cosn n n
x a a t

  , ɩɨɥɭɱɢɦ  

2( 1)

2 1

1
cos n

n n
K tdt

a


   .                       (2.3) 

ȼ ɢɧɬɟɝɪɚɥ (2.3) ɩɨɞɫɬɚвɢɦ 
ɩɪɟɞɫɬɚвɥɟɧɢɟ (1.7) 

  

1

2( 1)

2( 1) 2 1

2

2( 1)2 3 2 1
0

2

1
cos 2 1  .

2

n

n

n n n

n
k

nn n
k

C
K dt

a

C n k t dt
a




 



 


 

  



 
 

ɂɧɬɟɝɪɢɪɨвɚɧɢɟ вɵɩɨɥɧɹɟɬɫɹ 
ɷɥɟɦɟɧɬɚɪɧɨ  

 
2( 1) 2 1

2
1

2( 1) 2( 1)

0

1
*

2

sin 2 (( 1 )
* .

1

n n n

n
n k

n n

k

K
a

t n k
C t C C

n k

 



 





  
  

  


  (2.4) 

ɋɪɚвɧɟɧɢɟ ɮɨɪɦɭɥɵ (2.4) ɫ 
ɪɟɤɭɪɪɟɧɬɧɵɦ ɫɨɨɬɧɨɲɟɧɢɟɦ (2.2) ɩɨɡвɨɥɹɟɬ 
ɫɞɟɥɚɬɶ вɵвɨɞ ɨ ɩɪɟɢɦɭɳɟɫɬвɟ ɮɨɪɦɭɥɵ (2.4). 
ɇɚɩɪɢɦɟɪ, ɟɫɥɢ вɨɡɧɢɤɧɟɬ ɧɟɨɛɯɨɞɢɦɨɫɬɶ 
вɵɱɢɫɥɢɬɶ ɨɩɪɟɞɟɥɟɧɧɵɣ ɢɧɬɟɝɪɚɥ (ɨɫɨɛɟɧɧɨ, 
ɩɪɢ ɛɨɥɶɲɢɯ n ), ɬɨ ɩɪɨɳɟ ɷɬɨ ɫɞɟɥɚɬɶ ɫ 
ɩɨɦɨɳɶɸ ɮɨɪɦɭɥɵ (2.4), ɚ ɧɟ ɩɨ ɮɨɪɦɭɥɟ (2.2). 
ɉɨɤɚɠɟɦ ɷɬɨ ɧɚ ɩɪɢɦɟɪɟ. 

ɉɪɢɦɟɪ. ȼɵɱɢɫɥɢɬɶ ɢɧɬɟɝɪɚɥ 
 3

2

1

4
dx

x 
 . 

1 ɫɩɨɫɨɛ (ɩɪɢ ɩɨɦɨɳɢ ɪɟɤɭɪɪɟɧɬɧɨɝɨ 
ɫɨɨɬɧɨɲɟɧɢɹ (2.2)). 

     

   

   

3 2 2
2 2 2

2 222

2 22

1 3 1

164 16 4 4

3 1 1

16 8 48 416 4

3 3

256 2128 416 4

x
dx dx

x x x

x x
dx

xxx

x x x
arctg C

xx

  
  

 
   
   

   


 



 

2 ɫɩɨɫɨɛ (ɩɪɢ ɩɨɦɨɳɢ ɮɨɪɦɭɥɵ (2.4)). 
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3
2

1
2

4 4

0

2 0 1

4 4 4

1

4

sin 2 21

512 2

1 sin 4
sin 2

512 2

3 1 1
sin 4 sin 2

256 1024 128

2

3 1
sin 4

256 2 1024 2

1
sin 2

128 2

3 16

256 2

k

k

dx
x

t k
C t C C

k

t
C t C C t C

t t t C

x
t arctg

x x
arctg arctg

x
arctg C

x x
arctg

x






 
      

      
 

    

    


  

  

 





   

 

   

2 22

2

2 22

128 44

4

128 4

3 16 3

256 2 128 44

x

x

x
C

x

x x x
arctg C

xx

 


  


   


 

Ʉɪɨɦɟ ɬɨɝɨ, ɩɨɞɯɨɞ ɩɨɡвɨɥɹɟɬ ɥɨɝɢɱɟɫɤɢ 
ɩɪɨɞɨɥɠɢɬɶ ɢɫɫɥɟɞɨвɚɧɢɹ ɢ ɩɨɥɭɱɢɬɶ, 
ɧɚɩɪɢɦɟɪ, ɮɨɪɦɭɥɭ ȼɚɥɥɢɫɚ.  

ɉɪɢвɟɞɟɦ ɩɟɪвɵɟ ɡɧɚɱɟɧɢɹ n
K  

 2 3

1
2 sin 2 ,

4
K t t C

a
  

 3 5

1
12 sin 4 8sin 2

32
K t t t C

a
   

 

ɢ ɬ.ɞ. 

2.3. ȼɵɱɢɫɥɟɧɢɟ ɢɧɬɟɝɪɚɥɨɜ n
I , n

J  

ȼɵɱɢɫɥɢɦ ɢɧɬɟɝɪɚɥɵ 
/ 2

0

cosn

n
I tdt



  , 

/ 2

0

sinn

n
J tdt



  , ɢɫɩɨɥɶɡɭɹ ɩɪɟɞɫɬɚвɥɟɧɢɹ 

ɮɭɧɤɰɢɣ cosn
x  ɢ sinn

x  в вɢɞɟ (1.7) - (1.10). 

Ⱦɥɹ ɮɭɧɤɰɢɢ (1.7) ɭɱɬɟɦ, ɱɬɨ 

  
/ 2

0

cos 2  0dt m k t



  , m k ,           

(2.5) 

ɩɨɥɭɱɢɦ 

 

/2

2

2 2

0

/21

2 22 1 2 1
0 0

2

1
cos 2 ,

2 2

m

m

m m

m
k m

m mm m
k

C
I dt

C dt m k t C



 

 


 

  



 
 

 

 

 

/ 2

2 1 2 12
0 0

2 12
0

2 1

2
0

1
cos  2 1 2  

2

sin 2 1 2
1 2

2 1 22

11
.

2 1 22

m
k

m mm
k

m
k

mm
k

m k km
m

m
k

I C dt m k t

m k

C
m k

C

m k





 










   

   
  

 




 

 





 

Ⱦɥɹ ɮɭɧɤɰɢɢ (1.9) ɭɱɬɟɦ ɪɚвɟɧɫɬвɨ (2.5), 
ɩɨɥɭɱɢɦ 

 
/2 /21

2

2 22 2 1
00 0

22 1

1
( 1) cos 2  

2 2

.
2

m m
k m km

m mm m
k

m

mm

C
J dt C dt m k t

C

 











    



 

 

ɇɟɭɞɢвɢɬɟɥɶɧɨ, ɱɬɨ 2 2m m
I J . ɗɬɨ 

ɨɱɟвɢɞɧɨɟ ɪɚвɟɧɫɬвɨ 
/2 /2

0 0

cos sinn n
tdt tdt

 

  , 

ɟɫɥɢ в ɨɞɧɨɦ ɢɡ ɢɧɬɟɝɪɚɥɨв ɫɞɟɥɚɬɶ ɡɚɦɟɧɭ 

2
t у
  . ɉɨ ɷɬɨɣ ɩɪɢɱɢɧɟ 2 1 2 1m m

J I   

  

 

/ 2

2 1 2 12
0 0

2 12
0

1
( 1) sin 2 1 2  

2

cos  2 1 2 / 2 11
( 1)

2 1 22

m
k m k

m mm
k

m
k m k

mm
k

J C dt m k t

m k
C

m k






 








    

  
   

 

 


 

2 1

2
0

( 1)1
.

2 1 22

k m km
m

m
k

C

m k









   

Ɂɞɟɫɶ ɭɱɬɟɧɨ, ɱɬɨ 
 cos 2 1 2 / 2 0m k     

2.4. Фɨɪɦɭɥɚ ȼɚɥɥɢɫɚ 

ɂɧɬɟɝɪɢɪɭɟɦ ɧɟɪɚвɟɧɫɬвɨ 
2 1 2 2 1cos cos cosm m m

x x x
    

ɩɨ ɨɬɪɟɡɤɭ  0, / 2x  , ɩɨɥɭɱɢɦ 

2 1 2 2 1m m m
I I I   .                        (2.6) 

ɉɨɞɫɬɚвɢɦ ɢɧɬɟɝɪɚɥ n
I  в ɬɪɟɯ ɫɥɭɱɚɹɯ 

2 1,  2 ,  2 1n m m m    

2 1

22 2 1
0

11
2 1

2 2
0

( 1)1

2 1 22 2

( 1)1
,

2 1 22

k m km
mm

mm m
k

k m km
m

m
k

C
C

m k

C

m k







 






 

 


 

 




 

ɢɥɢ 

2 1

02

11
2 1

02

( 1)1

2 1 2 2

( 1)4
.

2 1 2

m k km
m

m
km

m k km
m

m
km

C

m kC

C

m kC






 





 

 


 

 




         (2.7) 

ɇɚɩɪɢɦɟɪ, 

1m  :  
4

2 2,667 4,
3 2
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2m  :  
64 16

2,844 3,556
45 2 9

      ,  

3m  :
2 248 48

2,926 3,413
1575 2 1350

       ɢ ɬ.ɞ. 

ɉɨɫɥɟɞɨвɚɬɟɥɶɧɨɫɬɶ ɢɧɬɟɝɪɚɥɨв 2 1{ }
m

I   

ɦɨɧɨɬɨɧɧɨ ɭɛɵвɚɟɬ ɢ ɨɝɪɚɧɢɱɟɧɚ ɫɧɢɡɭ. Ɉɬɫɸɞɚ 
ɫɥɟɞɭɟɬ 

2 1

02

( 1)1
lim .

2 2 1 2

m k km
m

mm
km

C

m kC

 








            (2.8) 

Ɉɛɪɚɬɢɦɫɹ ɤ ɮɨɪɦɭɥɟ ȼɚɥɥɢɫɚ Д4Ж 
2

1 (2 )!!
lim ,

2 2 1 (2 1)!!m

m

m m




 
    

           (2.9) 

ɤɨɬɨɪɭɸ ɥɟɝɤɨ ɩɨɥɭɱɢɬɶ ɢɡ ɧɟɪɚвɟɧɫɬв 
(2.6). Ⱦɥɹ ɷɬɨɝɨ ɫɥɟɞɭɟɬ ɢɫɩɨɥɶɡɨвɚɬɶ 

ɪɟɤɭɪɪɟɧɬɧɨɟ ɫɨɨɬɧɨɲɟɧɢɟ 
2

1
n n

n
I I

n



  

2 2

(2 )!! (2 1)!! (2 2)!!
,

(2 1)!! (2 )!! 2 (2 1)!!

1 (2 )!! 1 (2 )!!
.

(2 1) (2 1)!! 2 2 (2 1)!!

m m m

m m m

m m

m m m m





 
 

 

   
         

(2.1

0) 

Ɂɧɚɤ !!m  ɨɡɧɚɱɚɟɬ ɩɪɨɢɡвɟɞɟɧɢɟ ɩɟɪвɵɯ 
m  ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ ɫ ɭɱɟɬɨɦ ɱɟɬɧɨɫɬɢ, 
ɧɚɩɪɢɦɟɪ, (2 )!! 2 (2 2) ... 2m m m     . 

ɇɚɩɪɢɦɟɪ, ɩɟɪвɵɟ ɡɧɚɱɟɧɢɹ 1, 2,3m   

ɫɨвɩɚɞɚɸɬ ɫɨ ɡɧɚɱɟɧɢɹɦɢ, ɪɚɫɫɱɢɬɚɧɧɵɦɢ ɩɪ 
ɮɨɪɦɭɥɟ (2.7). Ⱦɟɥɚɟɦ вɵвɨɞ 

2

2 1

02

( 1)1 1 (2 )!!
,

2 1 2 2 1 (2 1)!!

m k km
m

m
km

C m

m k m mC






  
      


 

ɝɞɟ 2

2

(2 1)!!
.

(2 )!!2

m

m

m

C m

m


  

2.5. Ɍɨɠɞɟɫɬɜɨ 2 2(cos sin ) 1m
x x  . 

ɉɨɞɯɨɞ ɩɨɡвɨɥɹɟɬ ɡɚɩɢɫɚɬɶ ɱɚɫɬɨ 
ɢɫɩɨɥɶɡɭɟɦɨɟ ɬɨɠɞɟɫɬвɨ 2 2(cos sin ) 1m

x x   в 
вɢɞɟ 

   

2 2

1

22 1
0

cos sin

(2 1)!! 1
2 1 ( 1) cos 2 .

(2 )!! 2

m m

m
k k m

mm
k

x x

m
C m k x

m







 


     
 

ȼ ɱɚɫɬɧɨɫɬɢ, ɩɪɢ 1m   ɢɦɟɟɦ ɬɨɠɞɟɫɬвɨ 
2 2cos sin 1x x  , ɩɪɢ 2,3m   

 
 

    

4 4

1
2

43 2 3
0

2 2

cos sin

4 !1 1
1 ( 1) cos 2 2

2 22!

3 1
cos 4 1 2sin cos ,

4 4

k k

k
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C k x
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6 6

2
3

65 2 5
0

2 2

cos sin

6 !1 1
1 ( 1) cos 2 3

2 23!

5 3
cos 4 1 3sin cos .

8 8

k k

k
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C k x
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Вɵɜɨɞɵ.  
Ɏɨɪɦɭɥɵ ɩɨɧɢɠɟɧɢɹ ɧɚɬɭɪɚɥɶɧɨɣ 

ɫɬɟɩɟɧɢ ɮɭɧɤɰɢɣ x
ncos  ɢ x

nsin  вɵɪɚɠɚɸɬɫɹ 
ɤɨɦɩɚɤɬɧɨ ɱɟɪɟɡ ɥɢɧɟɣɧɵɟ ɤɨɦɛɢɧɚɰɢɢ 
ɮɭɧɤɰɢɣ вɢɞɚ  kxcos  ɢ kxsin , nk ,...,1.0 , 

ɢ ɩɨɡвɨɥɹɸɬ ɷɮɮɟɤɬɢвɧɨ ɪɟɲɚɬɶ ɪɹɞ 
ɦɚɬɟɦɚɬɢɱɟɫɤɢɯ ɡɚɞɚɱ: 
- ɩɨɥɭɱɚɬɶ ɢɡвɟɫɬɧɵɟ ɢ ɧɨвɵɟ ɮɨɪɦɭɥɵ 
ɬɪɢɝɨɧɨɦɟɬɪɢɢ; 
- ɢɧɬɟɝɪɢɪɨвɚɬɶ ɧɟɤɨɬɨɪɵɟ ɪɚɰɢɨɧɚɥɶɧɵɟ ɞɪɨɛɢ 
ɛɨɥɟɟ ɷɮɮɟɤɬɢвɧɵɦ ɩɭɬɟɦ, ɱɟɦ ɷɬɨ ɩɪɢɧɹɬɨ в 
ɫɬɚɧɞɚɪɬɧɨɦ ɤɭɪɫɟ ɦɚɬɟɦɚɬɢɱɟɫɤɨɝɨ ɚɧɚɥɢɡɚ; 
- ɧɨвɨɟ ɩɪɟɞɫɬɚвɥɟɧɢɟ ɮɨɪɦɭɥɵ ȼɚɥɥɢɫɚ 
вɵɱɢɫɥɟɧɢɹ ɬɪɚɧɫɰɟɧɞɟɧɬɧɨɝɨ ɱɢɫɥɚ  . 

ɉɪɟɞɥɨɠɟɧɵ ɮɨɪɦɭɥɵ ɩɪɹɦɨɝɨ ɢ 
ɨɛɪɚɬɧɨɝɨ ɩɟɪɟɯɨɞɚ ɨɬ ɧɚɛɨɪɚ 2 ɩ  ɮɭɧɤɰɢɣ 

x
kcos , x

ksin   ɤ ɧɚɛɨɪɭ kxcos , kxsin ,  ɢ 
ɧɚɨɛɨɪɨɬ.    
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Ɇɿɪɨɧɟɧɤɨ Ʌ.ɉ., ɉɭɫɬɨɜɚ ɘ.ȼ. Фɨɪɦɭɥɢ ɩɨɧɢɠɟɧɧɹ ɫɬɟɩɟɧɿ ɬɪɢɝɨɧɨɦɟɬɪɢɱɧɢɯ ɮɭɧɤɰɿɣ ɜ 
ɿɧɬɟɝɪɚɥɶɧɨɦɭ ɱɢɫɥɟɧɧɿ. Ɇɟɬɨɸ ɫɬɚɬɬɿ є ɩɪɨɫуɜɚɧɧя ɮɨɪɦуɥ ɩɨɧиɠɟɧɧя ɧɚɬуɪɚɥɶɧɨʀ ɫɬɟɩɟɧɿ 
ɮуɧɤɰɿɣ x

ncos  ɿ x
nsin  ɜ ɪɿɡɧɿ ɪɨɡɞɿɥи ɦɚɬɟɦɚɬиɤи, ɡɨɤɪɟɦɚ, ɜ ɿɧɬɟɝɪɚɥɶɧɟ чиɫɥɟɧɧя. Ɉɬɪиɦɚɧɨ 

ɮɨɪɦуɥи, яɤɿ ɞɨɡɜɨɥяɸɬɶ ɛɿɥɶɲ ɟɮɟɤɬиɜɧɨ ɨɛчиɫɥɸɜɚɬи ɿɧɬɟɝɪɚɥи ɜɿɞ ɪɚɰɿɨɧɚɥɶɧих ɞɪɨɛɿɜ 
ɫɩɟɰɿɚɥɶɧɨɝɨ ɜиɞу. Ɂɚɩɪɨɩɨɧɨɜɚɧɨ ɧɨɜɟ уяɜɥɟɧɧя ɮɨɪɦуɥи ȼɚɥɥɿɫɚ ɨɛчиɫɥɟɧɧя чиɫɥɚ  . Ɏɨɪɦуɥи 
ɩɨɧиɠɟɧɧя ɞɚɸɬɶ ɪяɞ ɧɨɜих ɮɨɪɦуɥ ɬɪиɝɨɧɨɦɟɬɪɿʀ ɚɛɨ, ɩɪиɧɚɣɦɧɿ, ɡɚɝɚɥɶɧу ɦɟɬɨɞиɤу 
ɨɬɪиɦɚɧɧя ɜɟɥиɤɨɝɨ чиɫɥɚ ɮɨɪɦуɥ ɬɪиɝɨɧɨɦɟɬɪɿʀ. 
 

Mironenko L.P., Pustovaya Yu.V. Formula lowering natural degree of trigonometric functions in 

integral calculus. The purpose of the article is to advance the natural degree decreased formulas of the 

functions x
ncos  and x

nsin  to different branches of mathematics, especially, to integration calculus. 

The formulas allow more effective integrate the special form of rational fractions. It is obtained a new 

represОntКtТon oП VКХХТМО’s Пormula for the number . The decreased formulas give many new 

trigonometric identities, at least, the general methodic for construction a great number of new 

trigonometric equalities. 
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