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ɍȾɄ 004.2μ004.3μ531.38 

Ʉɨɦɩɶɸɬɟɪɧɵɣ ɪɚɫɱɟɬ ɡɚɞɚɱɢ ɜɡɚɢɦɨɞɟɣɫɬɜɢɹ ɞɜɭɯ ɠɢɞɤɢɯ 
ɝɪɚɜɢɬɢɪɭɸɳɢɯ ɬɟɥ: ɫɩɭɬɧɢɤɢ ɘɩɢɬɟɪɚ 

 

Ⱥɧɞɪɸɯɢɧ Ⱥ.ɂ.1, ɋɭɞɚɤɨɜ ɋ.ɇ.2 
1Ⱦɨɧɟɰɤɢɣ ɧɚɰɢɨɧɚɥɶɧɵɣ ɬɟɯɧɢɱɟɫɤɢɣ ɭɧɢɜɟɪɫɢɬɟɬ,  

2ɂɧɫɬɢɬɭɬ ɩɪɢɤɥɚɞɧɨɣ ɦɚɬɟɦɚɬɢɤɢ ɢ ɦɟɯɚɧɢɤɢ 

alexandruckin@ramber.ru, sudakov@iamm.su 

 

Ⱥɧɞɪɸɯɢɧ Ⱥ.ɂ., ɋɭɞɚɤɨɜ ɋ.ɇ. Ʉɨɦɩɶɸɬɟɪɧɵɣ ɪɚɫɱɟɬ ɡɚɞɚɱɢ ɜɡɚɢɦɨɞɟɣɫɬɜɢɹ ɞɜɭɯ ɠɢɞɤɢɯ 
ɝɪɚɜɢɬɢɪɭɸɳɢɯ ɬɟɥ: ɫɩɭɬɧɢɤɢ ɘɩɢɬɟɪɚ . ɉоɥɭɱеɧɵ ɭɪɚвɧеɧɢɹ ɞвɢɠеɧɢɹ ɞɥɹ ɡɚɞɚɱɢ ɞвɭɯ ɬеɥ, 
оɞɧо ɢɡ ɤоɬоɪɵɯ – ɠɢɞɤɢɣ ɷɥɥɢɩɫоɢɞ ɩеɪеɦеɧɧоɣ вɹɡɤоɫɬɢ, ɫовеɪɲɚɸщɢɣ оɞɧоɪоɞɧое вɢɯɪевое 
ɞвɢɠеɧɢе, ɚ ɞɪɭɝое – ɫɮеɪɢɱеɫɤɢ ɫɢɦɦеɬɪɢɱɧое ɬвеɪɞое ɬеɥо. Ⱦɥɹ ɪеɲеɧɢɹ ɭɪɚвɧеɧɢɣ 
ɢɫɩоɥɶɡовɚɧ ɱɢɫɥеɧɧɵɣ ɦеɬоɞ Ɋɭɧɝе-Ʉɭɬɬɚ. ȼ ɤɚɱеɫɬве ɩɪɢɦеɪов ɩɪɢвеɞеɧɵ ɪɚɫɱеɬɵ ɞвɢɠеɧɢɹ 
ɫɢɫɬеɦ ɫ ɦɚɫɫово-ɝеоɦеɬɪɢɱеɫɤɢɦɢ ɩɚɪɚɦеɬɪɚɦɢ, ɫɢɫɬеɦɵ Юɩɢɬеɪ-ɂо, Юɩɢɬеɪ-Ƚɚɧɢɦеɞ, 
Юɩɢɬеɪ-ȿвɪоɩɚ ɢ Юɩɢɬеɪ-Ʉɚɥɥɢɫɬо. 

 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɠɢɞɤɢɣ ɷɥɥɢɩɫоɢɞ, ɡɚɞɚɱɚ ɞвɭɯ ɬеɥ, ɂо, Ƚɚɧɢɦеɞ, ȿвɪоɩɚ,Ʉɚɥɥɢɫɬ , Юɩɢɬеɪ 

 

ȼɜɟɞɟɧɢɟ 

Ⱦɢɧɚɦɢɤɟ ɷɥɥɢɩɫɨɢɞɚɥɶɧɵɯ ɦɚɫɫ ɢɞɟɚɥɶɧɨɣ 
ɧɟɫɠɢɦɚɟɦɨɣ ɠɢɞɤɨɫɬɢ ɩɨɫɜɹɳɟɧɚ ɨɛɲɢɪɧɚɹ 
ɥɢɬɟɪɚɬɭɪɚ Д1 – 10Ж. ȼ ɪɚɛɨɬɟ ɪɚɫɫɦɨɬɪɟɧɚ 
ɡɚɞɚɱɚ ɨ ɞɜɢɠɟɧɢɢ ɞɜɭɯ ɬɟɥ, ɨɞɧɨ ɢɡ ɤɨɬɨɪɵɯ 
ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɠɢɞɤɢɣ ɷɥɥɢɩɫɨɢɞ, ɚ ɜɬɨɪɨɟ 
– ɫɮɟɪɢɱɟɫɤɢ ɫɢɦɦɟɬɪɢɱɧɨɟ ɬɜɟɪɞɨɟ ɬɟɥɨ 
(ɋɋɌɌ). ɑɚɫɬɢɰɵ ɠɢɞɤɨɫɬɢ ɩɪɢɬɹɝɢɜɚɸɬɫɹ ɞɪɭɝ 
ɤ ɞɪɭɝɭ ɢ ɤ ɋɋɌɌ ɩɨ ɡɚɤɨɧɭ ɇɶɸɬɨɧɚ. ɀɢɞɤɨɫɬɶ 
ɫɱɢɬɚɟɬɫɹ ɧɟɫɠɢɦɚɟɦɨɣ ɢ ɨɛɥɚɞɚɸɳɟɣ 
ɩɟɪɟɦɟɧɧɨɣ ɜɹɡɤɨɫɬɶɸ, ɞɨɩɭɫɤɚɸɳɟɣ ɟɟ 
ɨɞɧɨɪɨɞɧɨɟ ɜɢɯɪɟɜɨɟ ɞɜɢɠɟɧɢɟ Д6, 7]. 

ɋɢɫɬɟɦɵ ɤɨɨɪɞɢɧɚɬ 

Ɉɛɨɡɧɚɱɢɦ ɱɟɪɟɡ 321 O  ɧɟɩɨɞɜɢɠɧɭɸ 
ɫɢɫɬɟɦɭ ɤɨɨɪɞɢɧɚɬ, ɧɚɱɚɥɨ ɤɨɬɨɪɨɣ ɫɨɜɩɚɞɚɟɬ ɫ 
ɨɛɳɢɦ ɰɟɧɬɪɨɦ ɦɚɫɫ ɪɚɫɫɦɚɬɪɢɜɚɟɦɨɣ 
ɦɟɯɚɧɢɱɟɫɤɨɣ ɫɢɫɬɟɦɵ. ɑɟɪɟɡ 3211 O  

ɨɛɨɡɧɚɱɢɦ ɩɨɞɜɢɠɧɵɟ ɩɪɹɦɨɭɝɨɥɶɧɵɟ ɨɫɢ, 
ɧɚɱɚɥɨ ɤɨɬɨɪɵɯ 1O  ɫɨɜɩɚɞɚɟɬ ɫ ɰɟɧɬɪɨɦ ɦɚɫɫ 
ɠɢɞɤɨɝɨ ɷɥɥɢɩɫɨɢɞɚ, ɚ ɨɫɢ ɩɚɪɚɥɥɟɥɶɧɵ 
ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɦ ɨɫɹɦ ɫɢɫɬɟɦɵ 321 O . ɑɟɪɟɡ 

3211 xxxO  ɨɛɨɡɧɚɱɢɦ ɫɢɫɬɟɦɭ ɤɨɨɪɞɢɧɚɬ, ɨɫɢ 
ɤɨɬɨɪɨɣ ɹɜɥɹɸɬɫɹ ɝɥɚɜɧɵɦɢ ɨɫɹɦɢ ɠɢɞɤɨɝɨ 
ɷɥɥɢɩɫɨɢɞɚ. ɋɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɫɢɫɬɟɦɵ 
ɤɨɨɪɞɢɧɚɬ ɩɪɟɞɫɬɚɜɥɟɧɵ ɧɚ ɪɢɫɭɧɤɟ 1. 

 
Ɋɢɫɭɧɨɤ 1. – ɂɫɩɨɥɶɡɭɟɦɵɟ ɫɢɫɬɟɦɵ ɤɨɨɪɞɢɧɚɬ 

Ʉɨɨɪɞɢɧɚɬɵ, ɫɤɨɪɨɫɬɢ ɢ ɭɫɤɨɪɟɧɢɹ 
ɰɟɧɬɪɚ ɦɚɫɫ ɠɢɞɤɨɫɬɢ 

ɉɨɥɨɠɟɧɢɟ ɬɨɱɤɢ 1O  ɨɩɪɟɞɟɥɢɦ ɫɮɟɪɢɱɟɫɤɢɦɢ 
ɤɨɨɪɞɢɧɚɬɚɦɢ 1r , 1 , 1 , ɝɞɟ 1  – ɭɝɨɥ ɦɟɠɞɭ 
ɩɥɨɫɤɨɫɬɶɸ 21O  ɢ ɪɚɞɢɭɫɨɦ-ɜɟɤɬɨɪɨɦ 1OO ; 

1  – ɭɝɨɥ ɦɟɠɞɭ 1O  ɢ ɩɪɨɟɤɰɢɟɣ ɜɟɤɬɨɪɚ 1OO  

ɧɚ ɩɥɨɫɤɨɫɬɶ 21O .  

Ɍɨɝɞɚ ɤɨɨɪɞɢɧɚɬɵ ɬɨɱɤɢ 1O  ɜ ɨɫɹɯ 321 O  

ɜɵɪɚɡɹɬɫɹ ɮɨɪɦɭɥɚɦɢμ 
1111 coscos  r , 

1122 cossinr   , 

113 sin r .          (1) 

Ⱦɢɮɮɟɪɟɧɰɢɪɭɹ ɮɨɪɦɭɥɵ (1) ɩɨ ɜɪɟɦɟɧɢ t , 
ɧɚɯɨɞɢɦ ɩɪɨɟɤɰɢɢ ɫɤɨɪɨɫɬɢ ɰɟɧɬɪɚ ɦɚɫɫ 
ɠɢɞɤɨɫɬɢ (ɬɨɱɤɢ 1O ) ɧɚ ɨɫɢ 321 O : 

111111111111 sincoscossincoscos  rrru   , 

111111111112 sinsincoscoscossin  rrru   , 

111113 cossin  rru   .        (2) 

Ⱦɢɮɮɟɪɟɧɰɢɪɭɹ ɪɚɜɟɧɫɬɜɚ (2) ɩɨ t , ɧɚɯɨɞɢɦ 
ɩɪɨɟɤɰɢɢ ɭɫɤɨɪɟɧɢɹ ɬɨɱɤɢ 1O  ɧɚ ɨɫɢ 321 O : 





11
2

1
2
111111

111111

coscos)(sincos

cossincoscos








rr

rrw
 

 111111111 cossin2sinsin2   rr  

1111 sincos2 r , 





11
2

1
2
11111

11111112

cossin)(sinsin

coscoscossin








rr

rrw
  

 111111111 coscos2sincos2   rr  

1111 sinsin2 r  , 

.cos2

sincossin

111

1
2

11111113








r

rrrw




         (3) 
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ɉɨɥɨɠɟɧɢɟ ɨɫɟɣ 3211 xxxO  ɨɬɧɨɫɢɬɟɥɶɧɨ 

3211 O  ɨɩɪɟɞɟɥɢɦ ɭɝɥɚɦɢ ɗɣɥɟɪɚ  ,, . 

Ɇɚɬɪɢɰɚ ɩɟɪɟɯɨɞɚ )( ijaA   ɨɬ ɨɫɟɣ 3211 O  ɤ 

ɨɫɹɦ 3211 xxxO  ɢɦɟɟɬ ɫɥɟɞɭɸɳɢɣ ɜɢɞμ 
a11=  sincossincoscos   

a12=  coscossinsincos    

a13=  sinsin  

a21=  sincoscoscossin    

a22=  coscoscossinsin   

a23=  sincos  

a31=  sinsin   

a32=  cossin   

a33= cos   
 

ɂɫɩɨɥɶɡɭɹ ɦɚɬɪɢɰɭ ɩɟɪɟɯɨɞɚ A , ɧɚɯɨɞɢɦ 
ɩɪɨɟɤɰɢɢ ɭɫɤɨɪɟɧɢɹ ɬɨɱɤɢ 1O  ɧɚ ɨɫɢ 3211 xxxO : 





3

1

.3,2,1,
j

jijx iwaw
i

          (4) 

Ʉɨɨɪɞɢɧɚɬɵ ɰɟɧɬɪɚ ɦɚɫɫ ɫɮɟɪɢɱɟɫɤɢ 

ɫɢɦɦɟɬɪɢɱɧɨɝɨ ɬɜɟɪɞɨɝɨ ɬɟɥɚ 

ɐɟɧɬɪ ɦɚɫɫ ɋɋɌɌ ɨɛɨɡɧɚɱɢɦ 2O . ɉɪɟɞɩɨɥɚɝɚɹ, 
ɱɬɨ ɜɧɟɲɧɢɟ ɫɢɥɵ ɧɚ ɫɢɫɬɟɦɭ ɧɟ ɞɟɣɫɬɜɭɸɬ ɢ 
ɰɟɧɬɪ ɦɚɫɫ ɫɢɫɬɟɦɵ ɧɟɩɨɞɜɢɠɟɧ, ɩɨɥɭɱɚɟɦ 
ɫɨɨɬɧɨɲɟɧɢɟμ 

2211 rmrm  ,          (5) 

ɝɞɟ 1m  – ɦɚɫɫɚ ɠɢɞɤɨɝɨ ɷɥɥɢɩɫɨɢɞɚ, 2m  – ɦɚɫɫɚ 
ɋɋɌɌ, 

|,| ii OOr   3,2,1i . ɉɪɢ ɞɜɢɠɟɧɢɢ ɬɨɱɤɢ 
O , 1O , 2O  ɛɭɞɭɬ ɥɟɠɚɬɶ ɧɚ ɨɞɧɨɣ ɩɪɹɦɨɣ. 
ɂɫɩɨɥɶɡɭɹ (5), ɧɚɯɨɞɢɦ ɤɨɨɪɞɢɧɚɬɵ ɬɨɱɤɢ 2O  ɜ 
ɨɫɹɯ 3211 O : 

111
1

21 coscos  rm
 , 

111
1

22 cossin  rm
 ,               (6) 

11
1

23 sin rm
 , 

ɝɞɟ 
21

2

mm

m
m


 . Ɍɨɝɞɚ ɜ ɨɫɹɯ 3211 xxxO  ɬɨɱɤɚ 

2O  ɛɭɞɟɬ ɢɦɟɬɶ ɤɨɨɪɞɢɧɚɬɵμ 

.3,2,1,
3

1
22  


iax

j
jiji               (7) 

Ƚɪɚɜɢɬɚɰɢɨɧɧɵɟ ɫɢɥɵ, ɞɟɣɫɬɜɭɸɳɢɟ ɧɚ 
ɠɢɞɤɨɫɬɶ ɫɨ ɫɬɨɪɨɧɵ ɫɮɟɪɢɱɟɫɤɢ 

ɫɢɦɦɟɬɪɢɱɧɨɝɨ ɬɜɟɪɞɨɝɨ ɬɟɥɚ 

ɉɪɨɟɤɰɢɢ ɧɚ ɨɫɢ 3211 xxxO  ɫɢɥɵ, ɞɟɣɫɬɜɭɸɳɟɣ 
ɧɚ ɟɞɢɧɢɱɧɵɣ ɨɛɴɟɦ ɠɢɞɤɨɫɬɢ ɫɨ ɫɬɨɪɨɧɵ 
ɋɋɌɌ, ɨɩɪɟɞɟɥɹɸɬɫɹ ɮɨɪɦɭɥɚɦɢμ 

.3,2,1,
][

~~

2/32
2

2 


 i
Sr

xx
mGf ii

i   

ɝɞɟ ,)~~()~~()~~( 2
323

2
222

2
121 xxxxxxS  G  – 

ɝɪɚɜɢɬɚɰɢɨɧɧɚɹ ɩɨɫɬɨɹɧɧɚɹ,   – ɩɥɨɬɧɨɫɬɶ 

ɠɢɞɤɨɫɬɢ, 2
23

2
22

2
21

2
xxxr  , rxx ii /~

22  , 

rxx ii /~  , 321 ,, xxx  – ɤɨɨɪɞɢɧɚɬɵ ɜ ɨɫɹɯ 

3211 xxxO  ɪɚɫɫɦɚɬɪɢɜɚɟɦɨɣ ɱɚɫɬɢɰɵ ɠɢɞɤɨɫɬɢ. 

Ʌɢɧɟɚɪɢɡɚɰɢɹ 

ȼ ɞɚɥɶɧɟɣɲɟɦ ɛɭɞɟɦ ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɬɨɥɶɤɨ ɬɟ 
ɫɥɭɱɚɢ, ɤɨɝɞɚ ɪɚɫɫɬɨɹɧɢɟ r  ɦɟɠɞɭ ɬɨɱɤɚɦɢ 1O  

ɢ 2O  ɧɚɫɬɨɥɶɤɨ ɜɟɥɢɤɨ, ɱɬɨ ɦɨɠɧɨ ɩɪɨɜɟɫɬɢ 
ɥɢɧɟɚɪɢɡɚɰɢɸ ɜɟɥɢɱɢɧ if  ɩɨ ,~

ix  3,2,1i . 

Ɍɚɤɚɹ ɥɢɧɟɚɪɢɡɚɰɢɹ ɧɟɨɛɯɨɞɢɦɚ ɞɥɹ 
ɫɭɳɟɫɬɜɨɜɚɧɢɹ ɨɞɧɨɪɨɞɧɨɝɨ ɜɢɯɪɟɜɨɝɨ ɞɜɢɠɟɧɢɹ 

ɠɢɞɤɨɫɬɢ ɢ ɫɨɯɪɚɧɟɧɢɹ ɟɟ ɷɥɥɢɩɫɨɢɞɚɥɶɧɨɣ 
ɮɨɪɦɵ. ɉɨɫɥɟ ɥɢɧɟɚɪɢɡɚɰɢɢ ɛɭɞɟɦ ɢɦɟɬɶ: 
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   (24)                  

ɍɪɚɜɧɟɧɢɹ    3,2,1i,0k i0       

ɡɚɩɢɫɵɜɚɟɦ ɜ ɜɢɞɟ 

,3,2,1i,
r

x
Gmw

3

i2
2xi

      (25) 

                                               ɝɞɟ  
3,2,1i,w

ix     ɩɪɨɟɤɰɢɢ ɚɛɫɨɥɸɬɧɨɝɨ 
ɭɫɤɨɪɟɧɢɹ 

ɬɨɱɤɢ    1O     ɧɚ ɨɫɢ   
3211 xxxO ,   ɤɨɬɨɪɵɟ 

ɨɩɪɟɞɟɥɹɸɬɫɹ ɮɨɪɦɭɥɚɦɢ 

(3), (4). ȼɟɥɢɱɢɧɵ    3,2,1i,x i2     

ɨɩɪɟɞɟɥɟɧɵ ɮɨɪɦɭɥɚɦɢ (7). 
ɍɦɧɨɠɚɹ ɭɪɚɜɧɟɧɢɹ (25) ɫɥɟɜɚ ɧɚ ɦɚɬɪɢɰɭ   

T
A , ɨɛɪɚɬɧɭɸ ɦɚɬɪɢɰɟ   A , ɩɪɢɜɨɞɢɦ ɢɯ ɤ 

ɜɢɞɭ 





3

1j

j2ij3

2
i .3,2,1i,xa

r

Gm
w  

ɍɱɢɬɵɜɚɹ (7), ɩɟɪɟɩɢɲɟɦ ɷɬɢ ɭɪɚɜɧɟɧɢɹ 
ɬɚɤ 

,3,2,1i,
r

Gm
w j23

2
j    

ɝɞɟ    j2    ɨɩɪɟɞɟɥɟɧɵ ɮɨɪɦɭɥɚɦɢ (6). 
ɂɫɩɨɥɶɡɭɹ (3) ɢ (6), ɡɚɩɢɲɟɦ ɩɨɫɥɟɞɧɢɟ 
ɭɪɚɜɧɟɧɢɹ ɜ ɜɢɞɟ 
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Ɋɚɡɪɟɲɚɹ ɷɬɢ ɭɪɚɜɧɟɧɢɹ ɨɬɧɨɫɢɬɟɥɶɧɨ    
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1111     

ɍɪɚɜɧɟɧɢɹ (26) ɩɪɟɞɫɬɚɜɥɹɸɬ ɫɨɛɨɣ 
ɭɪɚɜɧɟɧɢɹ ɞɜɢɠɟɧɢɹ ɜ ɡɚɞɚɱɟ ɞɜɭɯ ɬɟɥ. ȼɬɨɪɨɟ 
ɢɡ ɷɬɢɯ ɭɪɚɜɧɟɧɢɣ ɦɨɠɟɬ ɛɵɬɶ 
ɩɪɨɢɧɬɟɝɪɢɪɨɜɚɧɨ ɢ ɩɪɟɞɫɬɚɜɥɟɧɨ ɜ ɜɢɞɟ                                        

                                           

.constcosr 1

22

11   

      ɍɪɚɜɧɟɧɢɹ (14), (17), (24), (26) 
ɪɚɡɪɟɲɟɧɵ ɨɬɧɨɫɢɬɟɥɶɧɨ ɫɬɚɪɲɢɯ ɩɪɨɢɡɜɨɞɧɵɯ 
ɢ ɩɪɟɞɫɬɚɜɥɹɸɬ ɫɨɛɨɣ ɫɢɫɬɟɦɭ ɱɟɬɵɪɧɚɞɰɚɬɢ 
ɨɛɵɤɧɨɜɟɧɧɵɯ 

ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ 
ɨɬɧɨɫɢɬɟɥɶɧɨ ɱɟɬɵɪɧɚɞɰɚɬɢ ɧɟɢɡɜɟɫɬɧɵɯ 

11121i

*

i ,,r,c,c,3,2,1i,,,,,  
 ɢ ɩɨɫɥɟ ɡɚɞɚɧɢɹ ɧɚɱɚɥɶɧɵɯ ɭɫɥɨɜɢɣ, ɩɨɥɧɨɫɬɶɸ 
ɨɩɢɫɵɜɚɟɬ ɞɜɢɠɟɧɢɟ ɪɚɫɫɦɚɬɪɢɜɚɟɦɨɣ 
ɦɟɯɚɧɢɱɟɫɤɨɣ ɫɢɫɬɟɦɵ. 

Ⱦɥɹ ɱɢɫɥɟɧɧɨɝɨ ɪɟɲɟɧɢɹ ɭɪɚɜɧɟɧɢɣ (14), 
(17), (24), (26) ɜɜɨɞɢɦ 

ɛɟɡɪɚɡɦɟɪɧɵɟ ɩɟɪɟɦɟɧɧɵɟ    
T

t
 ,     

R

ci
i  ,    




d

d
u i

i  ,    T~ *

i

*

i   ,    

T~
ii   , 1,2,3i  ,    

R

r
r~ 1 ,    ɝɞɟ   T   

ɪɚɡɦɟɪɧɨɫɬɶ ɜɪɟɦɟɧɢ,    321 cccR  .   

Ⱦɥɹ ɪɟɲɟɧɢɹ ɭɪɚɜɧɟɧɢɣ ɛɵɥ ɢɫɩɨɥɶɡɨɜɚɧ 
ɱɢɫɥɟɧɧɵɣ ɦɟɬɨɞ Ɋɭɧɝɟ-Ʉɭɬɬɚ 4-5.  

ȿɞɢɧɢɰɟɣ ɜɪɟɦɟɧɢ ɹɜɥɹɸɬɫɹ ɡɟɦɧɵɟ ɫɭɬɤɢ. 
ȿɞɢɧɢɰɟɣ ɞɥɢɧɵ ɧɚ ɝɪɚɮɢɤɚɯ ɹɜɥɹɟɬɫɹ 1 ɦɟɬɪ.  
Ɋɟɡɭɥɶɬɚɬɵ ɪɚɫɱɟɬɨɜ ɩɪɟɞɫɬɚɜɥɟɧɵ 
ɧɚ ɪɢɫ.2- 

 

Ɋɢɫɭɧɨɤ 2–Ɋɚɡɧɢɰɚ ɦɟɠɞɭ ɨɫɹɦɢ ɞɥɹ ɂɨ. 
 

 

 

 

Ɋɢɫɭɧɨɤ 3–Ɋɚɡɧɢɰɚ ɦɟɠɞɭ ɨɫɹɦɢ ɞɥɹ Ʉɚɥɥɢɫɬɨ. 
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Ɋɢɫɭɧɨɤ 4–Ɋɚɡɧɢɰɚ ɦɟɠɞɭ ɨɫɹɦɢ ɞɥɹ ȿɜɪɨɩɵ. 

 

Ɋɢɫɭɧɨɤ 5–Ɋɚɡɧɢɰɚ ɦɟɠɞɭ ɨɫɹɦɢ ɞɥɹ Ƚɚɧɢɦɟɞɚ. 

 

 
Ɋɢɫɭɧɨɤ 6–Ɋɚɡɧɢɰɚ ɦɟɠɞɭ ɨɫɹɦɢ ɞɥɹ Ƚɚɧɢɦɟɞɚ. 

 

 

 

Ɋɢɫɭɧɨɤ 7–Ɋɚɡɧɢɰɚ ɦɟɠɞɭ ɨɫɹɦɢ ɞɥɹ Ƚɚɧɢɦɟɞɚ. 

 

 
ȼɵɜɨɞɵ 

Ɋɟɲɚɟɦɚɹ ɡɚɞɚɱɚ ɹɜɥɹɟɬɫɹ ɧɚɫɭɳɧɨɣ ɜɜɢɞɭ 
ɭɫɩɟɲɧɵɯ ɤɨɫɦɢɱɟɫɤɢɯ ɩɨɥɟɬɨɜ ɫɬɚɧɰɢɢ ɘɧɨɧɚ 
ɤ ɘɩɢɬɟɪɭ. ɇɚ ɪɢɫ. ɩɪɟɞɫɬɚɜɥɟɧɵ ɫɧɢɦɤɢ 
ɘɩɢɬɟɪɚ ɢ ɟɝɨ ɫɩɭɬɧɢɤɨɜ, ɤɨɬɨɪɵɟ ɩɨɭɱɟɧɵ 
ɷɬɨɣ ɫɬɚɧɰɢɟɣ.   

Ɋɚɫɱɟɬ ɦɨɞɟɥɟɣ ɞɨɫɬɚɬɨɱɧɨ ɬɪɭɞɨɟɦɤɢɣ 
ɩɪɨɰɟɫɫ. ɉɨɫɬɪɨɟɧɢɟ ɝɪɚɮɢɤɚ ɨɬɤɥɨɧɟɧɢɣ 
ɩɨɥɭɨɫɟɣ ɡɚ ɜɪɟɦɟɧɧɨɣ ɩɪɨɦɟɠɭɬɨɤ 10 ɫɭɬɨɤ 
ɡɚɧɢɦɚɟɬ ɩɪɢɦɟɪɧɨ 1,5 ɱɚɫɚ ɪɚɛɨɬɵ ɩɪɨɰɟɫɫɨɪɚ 
I3 ɦɨɞɟɥɢ 4170 ɫ ɱɚɫɬɨɬɨɣ 3,7 Ƚɝɰ.  

ȼɪɟɦɹ ɪɚɫɱɟɬɚ ɡɚ ɛɨɥɟɟ ɞɥɢɧɧɵɣ ɜɪɟɦɟɧɧɨɣ 
ɩɟɪɢɨɞ ɜ ɥɭɱɲɟɦ ɫɥɭɱɚɟ ɩɪɹɦɨ 
ɩɪɨɩɨɪɰɢɨɧɚɥɶɧɨ ɟɝɨ ɞɥɢɧɟ. 

Ʉɨɦɩɶɸɬɟɪɧɵɟ ɪɚɫɱɟɬɵ ɢ ɷɤɫɩɟɪɢɦɟɧɬɵ 
ɩɪɨɞɨɥɠɚɸɬɫɹ ɜ ɫɥɟɞɭɸɳɢɯ ɧɚɩɪɚɜɥɟɧɢɹɯμ 

ɚ) ɭɜɟɥɢɱɟɧɢɟ ɞɥɢɧɵ ɪɚɫɫɦɚɬɪɢɜɚɟɦɨɝɨ 
ɜɪɟɦɟɧɧɨɝɨ ɢɧɬɟɪɜɚɥɚ; 

ɛ) ɭɜɟɥɢɱɟɧɢɟ ɱɢɫɥɚ ɬɟɥ, ɬ.ɟ. ɜɵɩɨɥɧɟɧɢɟ 
ɤɨɦɩɶɸɬɟɪɧɵɯ ɷɤɫɩɟɪɢɦɟɧɬɨɜ ɫ ɡɚɞɚɱɟɣ ɬɪɟɯ ɢ 
ɛɨɥɟɟ ɬɟɥ. 

Ɋɚɫɱɟɬɵ ɩɪɨɢɡɜɨɞɢɥɢɫɶ ɜ ɩɚɤɟɬɚɯ Maple ɢ 
Mathematica ɢ ɫɪɚɜɧɢɜɚɥɢɫɶ. 

 

 

 



                                                        ɂɇɎɈɊɆȺɌɂɄȺ ɂ ɄɂȻȿɊɇȿɌɂɄȺ                                 № 2(4), 2016     

                                                                                                                                                   Ⱦɨɧɟɰɤ ȾɨɧɇɌɍ                                 
                                                                                                                              

                                          

10 

 

 

 

 

Ɋɢɫɭɧɨɤ 8- ɋɧɢɦɨɤ ɘɩɢɬɟɪɚ ɢ ɟɝɨ 4 ɤɪɭɩɧɟɣɲɢɯ ɫɩɭɬɧɢɤɨɜ ɂɨ, ȿɜɪɨɩɵ, Ƚɚɧɢɦɟɞɚ ɢ Ʉɚɥɥɢɫɬɨ ɢɡ 67 ɫ 
ɪɚɫɫɬɨɹɧɢɹ a)10,λ ɦɥɧ  ɤɢɥɨɦɟɬɪɨɜ 21.06.16 ɛ) 6,3 ɦɥɧ  ɤɢɥɨɦɟɬɪɨɜ 29.06.16  (www.nasa.gov)   . 

 

Ɋɢɫɭɧɨɤ λ- ɋɧɢɦɨɤ ɘɩɢɬɟɪɚ ɢ ɟɝɨ ɫɩɭɬɧɢɤɨɜ ɫ ɪɚɫɫɬɨɹɧɢɹ 10,λ ɦɢɥɥɢɨɧɨɜ  ɤɢɥɨɦɟɬɪɨɜ 21.06.16 
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Ⱥɧɞɪɸɯɢɧ Ⱥ.ȱ., ɋɭɞɚɤɨɜ ɋ.ɇ. Ʉɨɦɩ'ɸɬɟɪɧɢɣ ɪɨɡɪɚɯɭɧɨɤ ɡɚɜɞɚɧɧɹ ɜɡɚєɦɨɞɿʀ ɞɜɨɯ ɪɿɞɤɢɯ ɝɪɚɜɢɬɢɪɭɸɳɢɯ 
ɬɟɥ: ɫɭɩɭɬɧɢɤɢ ɘɩɿɬɟɪɚ. Ɉɬɪɢɦɚɧо ɪɿвɧɹɧɧɹ ɪɭɯɭ ɞɥɹ ɡɚɞɚɱɿ ɞвоɯ ɬɿɥ, оɞɧе ɡ ɹɤɢɯ - ɪɿɞɤɢɣ еɥɿɩɫоʀɞ ɡɦɿɧɧоʀ 
в'ɹɡɤоɫɬɿ, що ɡɞɿɣɫɧɸє оɞɧоɪɿɞɧе вɢɯɪовɢɣ ɪɭɯ, ɚ ɿɧɲе - ɫɮеɪɢɱɧо ɫɢɦеɬɪɢɱɧе ɬвеɪɞе ɬɿɥо. Ⱦɥɹ вɢɪɿɲеɧɧɹ 
ɪɿвɧɹɧɶ вɢɤоɪɢɫɬɚɧɢɣ ɱɢɫеɥɶɧɢɣ ɦеɬоɞ Ɋɭɧɝе-Ʉɭɬɬɚ. Ⱦɥɹ ɩɪɢɤɥɚɞɭ ɧɚвеɞеɧо ɪоɡɪɚɯɭɧɤɢ ɪɭɯɭ ɫɢɫɬеɦ ɡ ɦɚɫово-
ɝеоɦеɬɪɢɱɧɢɦɢ ɩɚɪɚɦеɬɪɚɦɢ, ɫɢɫɬеɦɢ Юɩɿɬеɪ-Іо, Юɩɿɬеɪ-Ƚɚɧɿɦеɞ, Юɩɿɬеɪ-Євɪоɩɚ ɿ Юɩɿɬеɪ-Ʉɚɥɥɿɫɬо. 
 
Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɪɿɞɤɢɣ еɥɿɩɫоʀɞ, ɡɚвɞɚɧɧɹ ɞвоɯ ɬɿɥ, Іо, Ƚɚɧɿɦеɞ, Євɪоɩɚ, Ʉɚɥɥɿɫɬ, Юɩɿɬеɪ 
 
Andryukhin AI, SN Sudakov Computer calculation problem of interaction of two liquid gravitating bodies: the 
moons of Jupiter. We obtain the equations of motion for the two-body problem, one of which - a liquid ellipsoid of 
variable viscosity, a homogeneous rotational motion, and the other - a spherically symmetrical solid. To solve the 
equations used numerical method of Runge-Kutta. As examples, we calculate traffic systems with mass-geometric 
parameters, the system of Jupiter-Io, Jupiter-Ganymede, Jupiter Europa Jupiter and Callisto. 
 
Keywords: liquid ellipsoid, two-body problem, Io, Ganymede, Europa, Callisto, Jupiter 
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