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pabome paccmompenvl pPeKypCUBHble Peanu3ayuu  U38ecnHbiX
Ilpeocmasnenvi

OUHAMUYECKO20 npocpamMmupoeanus.

3a0aua ONMUMAalbHo20  ynpaejlerus,

3a0ay, peuwiaemMvlx ¢ HOMOWbIO Memood
3a0aya

ONMUMANILHO20 pacnpedesieHus pecypcos, 3a0aya ONMUMATIbHOU 3ameHbl obopylosanus. I[lpuseden obwuil
aneopumm peuteHus 3a0ay¥ OUHAMUHECKO20 NPOSPAMMUPOSAHUs. YKaA3aHbl O0OCMOUHCMEA U HeOOCMAamKu

npumenenus npunyuna benimana u pexypcuu 6 npocpammuwlx peanuzayusax. Ilpusedenvi

KOMNbIOMEPHbIX pacdemaoes. Bpacqemax ucnoavzoeancs naxem Mathematica.

Knrouesvie cnosa: ounamuueckoe npoepammuposanue, npunyun bBeiivana, pexypcus.

BeedeHue

HccnenoBanue onepanui 3aHUMAaeTCs
N3Yy4YCHUEM OKCTpEMAJIbHBIX  3aJdad YyiipaBJICHUA,
IUIAHUPOBAaHWEM ¥ pa3pabOTKOl  METOMOB WX

pemienust. JluHaMH4YecKoe MPOrpaMMHpPOBAaHHE, Kak
OIMH W3 Ppa3feioB  MWCCIEIOBAaHHS  OIEpaIHi,
MpPEAIoaraeT , 4To MpoLecC HMPUHATHS PEHICHHUS U
YIPABICHUSI MOXET OBITh pa3OMT Ha OT/IEIbHBIC
YacTH WM STalbl, T.€. SBISETCS MHOTOITAIHBIM.
OfHUM U3 OCHOBHBIX METOJIOB JMHAMHYECKOTO
nporpamMupoBanus  (MJIIT)  sBusercss  merton
(yHKnnoHaNbHBIX ypaBHeHMH P.bemnmana [1-5],
KOTOPBIM 0a3upyercs Ha HCIHONb30BAaHUHM €ro ke
MPUHIIMIIA ONTHMAJIBHOCTH.

Pekypcusi u ee npumMeHeHue

OTBET Ha BONPOC O HYKHOCTU HCIIOJIb30BaHUS
PEKYpCHH B NPOrPaMMHPOBAHUU HEMPOCT: C OJHOU
CTOPOHBI, OOBIYHO CTaparOTCsi HE HCIIOJIB30BATh
PEKypCHI0O B MpPOrpaMMax BCIEICTBHE MOHUKEHUS
3¢ PEeKTUBHOCTH U cTaparoTcsi ee uckopeHsars[6]. C
JIPYrol CTOPOHBI, €CIHM ucclieayemas mpobiema
SIBJISIETCS. 1O CBOEM CyTH PEKypCHUBHOH, TO
MpOTpPaMMHAs peanu3aist MOXeET OBITh CTPYKTYPHO
mpoine M HarmigHee. Takke MOXXKHO 100aBUTH, UTO
OKpY)XalOIMA HAaC MHpP SABISIETCA  NPUMEPOM
rJI00aJIbHOTO  HCIIOJIBb30BaHUSl PEKYPCHHM  COTIACHO
paboram[7-8] u np., a  peKypcus B COBPEMEHHBIX
¢yHKIMOHANBHBIX s3bIkax Tuna Haskell sBisercs
€/IMHCTBEHHBIM CIIOCOOOM OpraHM3alUH [IUKJIA.

Pexypcuss npumensercs TaMm, TIJ€ OHa
€CTECTBEHHO TpeOyeTcs BCIEICTBHE PEKYPCUBHOCTH
camoil 3amauu. Ilpu 3TOM CKOpOCTH  PabOTHI
IpOrpaMMbl MMEET Majoe 3HAYeHHEe U HE HYXKHO
pemars npobyemy HapaebHOro
(yHKIIMOHMPOBAHUS MIPOrPaMMHBIX MoIyJei
peanu3yeMoi CUCTEMBI.

[Ipumepsbr peammzannn QyHKIHE AKKepMaHa B
[9] nokazarenbHBI B 3TOM ILJIaHE.

lMpuHyun onmumanbHocmu bennmaHa

W3BecTHblil npuHLUN beniMaHa cOCTOUT B TOM,
9TO0, TIpH JTIOOOM HAYaIbHOM COCTOSHHH Ha JTFOO0M
mare W JII00OM YTIPaBIICHUH, BBIOPAHHOM Ha 3TOM
mrare, TOCIEAYIONINE YIPAaBILIOMIAE BO3ICHCTBUSL
JTOJDKHBI BRIOMPATHCS ONTUMALHBIMH OTHOCHTEIFHO
COCTOSIHUSI, B KOTOPOM OyIeT cucreMa B KOHIIE

JAHHOTO 1Iara, T.6. HE OHH HE 3aBUCAT OT
MPEAbLICTOPHH.

bonee neranmbHO, paccmorpum  puc.l, Ha
KOTOpOM IpeacTaBjIcHa TPACKTOPUs JABUXKCHUS

YOPaBIIEMOro 00BEKTa B MPOCTPAHCTBE MEPEMEHHBIX
COCTOSIHUH  (X{,..,Xj.e5Xy)- Touka xg  JeIuTr
ONTHMAIBHYIO TPAGKTOPHIO XgXy Ha JIBE YacTH,
KoTopble oOo3HaueHsl 1 w 2 Ha puc.l. IlpuHIHT
bennMana riacuT, YTO €CiM BCS TPACKTOPHS XgX7
ONTHMAJIbHA, TO ONITUMAJICH U y9acTOK 2.

Pucynok 1-Tpaekropus oNTUMAaIbLHOT'O JBUKEHHS
00BEKTA yIPaBICHUS

[Ipuvenenne mnpuHIMNa bemvana 3agactyio
MOKa3bIBACT, UYTO BBIOPAaHHOE Ha JAaHHOM IIare
yOpaBJIeHHE HE SBIACTCS JOKAJIbHO JYYIIUM, HO

pe3yibmanmbl
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OyZeT ONTHMaIbHBIM 10 TJIOOAILHOMY KPHTEPHIO
BCEr0  MHOIOJITAlHOIO  IIpouecca  yIpaBJICHHUS.
HenpepblBHbII  yHnpaBisieMblid  IPOLECC  MOXKHO
paccMaTpuBaTh KaK JANCKPETHBIH, YCIOBHO pa30uB
€ro Ha BpeMeHHble OTpe3ku. K coxaneHuro, HeT
(hopmanbpHOTO MeTOa pa3dMEeHNs BCETO Mpolecca Ha
9Tambl M 3J€Chb BCE 3aBUCUT OT  yMEHHH
HCCIIE0BATEIS.

Anzopumm peweHusi 3aday M4

XapakrepHbiM npusHakom MJIII  saBasercs
HeOOJbIIOE  KOJMYECTBO  MMOJ33/a4,  KOTOpBIE
pelIaTCs MHOTOKPATHO.

BBuny npumenenus mnpuHuuna —bemiMana
CIEAYIOMMM OTIMYUTEIbHBIM CBOMCTBOM PEIICHUS
3agad M/II1 sBisieTcst onTUManbHOCTD 7S TTOA3aa4.

OOmuii  HoaXO0x MOCTPOCHHUS  aJITOPUTMOB
pemenus 3azad MJII onpenenum  ciaenyromuMu
MyHKTaMU:

1. Yerkas hopMyaupOBKa IPOOIEMEI.

2. BbINOJAHUTH pa30HCHHE ONTHMH3HPYEMOIO
mpoliecca Ha 3Tanbl (3TO UCKYCCTBO, a HE HayKa, 4TO
YKa3bIBaJoCh paHee).

3. Hamucatps pekyppeHTHOE COOTHOILIEHHE, T.€
OINPE/ICJINTh COOTHOUICHHE MEXIy TJ00albHBIM
KPUTEpPHEM OITHMAIIFHOCTH BCETO TIpoIecca MU
3aJa4d ¥ JIOKATBHBIMU KPUTEPUSIMH ONTHMAIEHOCTH
JTaNoB WM 1Mo/A3aaad. B 3ToM IMyHKTE HEOOXOIUMO
Takke  O00eCImeYyuTb  BO3MOXHOCTh  IONYYCHHUS
XapaKTePUCTHK HalIeHHOTO rI100aTEHOTO
ONTUMANIFHOTO peIIeHHUs. B 9HCTO MpaKTHYecKoM
IUIaHE IIPU IPOrPaMMHOM PEKYpCUBHOM peanu3alnuu
HeO6XOI[I/IMO ABHO YKasbIBaThb YCJIOBUE BbIXOJa W3
PEKypCHH.

4. Haiitu onTUMaabHOE TJIO0AIBHOE PEIICHHE
JUlsl TIpOOJIEMHOM 3aJjaydl WM ONTUMHU3UPYEMOTO
nporiecca. IIpu pekypcUBHOM pPELICHHH HCIOIb3yeM
CTpaTeTHIO peIIeHHWs CBepXy BHHU3 T.e. OepeM
ro0anpHyI0  3ajJady, B KOTOpOHl  pemraeM
HEOOXOMUMBIE TMMON3aJadu. B TpOTHBHOM cirydae
UCIIONIb3YEM CTpaTeruio CHU3Y BBEpX, T.C. pelIaeM
CHavaJlia »?JIEMEHTApPHBIC TMOJ33Ja4yH, I[OTOM Ha
CIIeIYIONIEeH UTepariu MoA3aaaun, KOTOpbIe TPEOYIOT
pe3yJbTaTOB PEILISHHBIX MOJ3a/lady Ha MpeAblayuiei
WTEepanuu u T.J., TOKa He OyeT perieHa riiodampHas
npobiiemMa. OOBIYHO TOCIHEAHUA TOJIXOJ SBIIICTCS
601ee OBICTPOACHCTBYIOIIHM .

5. Pemmuts 3amady oOpaTHOoro Xxox;a, T.e.
MONYYWTh  HE  TOJNBKO  3HAYCHUS  KPUTCPHUS
ONTUMANIFHOCTH pENICHWs, HO H HaHTH CcaMo
pelIeHue,

3adaya onmumanbHoO20 ynpaseJsieHusi

PaccmoTprM monaxom K - ONTUMAlBHOMY
YIpaBIIEHUIO TUCKPETHON crcTeMbl cornacHo [1,10].
Ilyctb  OuckpeTHas cuCTeMa ONUCHIBaeTCs ¢
MOMOUIBIO PEKYPPEHTHBIX YpaBHEHUI

x(k +D = £ x(k),u)]
re k=0,1,..., N —1; x(0) 3anaHo.

Llenpto  ympaBieHWs  SIBISIETCS.  MUHMMH3ALUS
¢byHKIIMOHATA

N—1
J = > Lx(k),.u(k)]
k=0

rae L. — cxansgpHas QyHKIHS.
MuHuManbpHOE 3HaueHWe (yHKIWOHama J
3aBHCHT OT HAYaJbHOrO COCTOSHUA x () (OHO

3amaercs, T.e. HeympaBiasiemo). OO0O3HAYMM STOT
MHHHMYM 4€pe3 7. [ x(0)]-
CripaBeUIMBHI CIIEIYIONINE COOTHOIICHHS:
Jx[x(0)]=min min... min){L[x(O),u(O)] +

u(0) u(l) u(N-1
Lix(),uM] + ...+ L[x(N —1),u(N — D]} =
= min{Z[x(0),2(0)]} + min... min {Z[x(1),u(D)]+...

+ L[ x(N —D,u(N —D]} =
= %?{L[x(O),u(O)] + Jno[x(D]}
3neck  j,. [x(1)] — MHHHMAbHOE
3HaYEHHWE KpUTEpUs KadecTBa Jjd  Iporecca

IUINTENBHOCTBIO B AN — 1 IIaroB M HMEIOLIEE
HavansHoe cocTosnne x(1):

Jna X1 =min{Z{x(1),u (D]

+ Jn_qa[x(2]1}

ot mpouecca  ynpasieHust ¢ N — g

miaraMu, UMCIOIICTO B Ka4yCCTBC Ha4yaJIbHOI'O

COCTOSIHUSA x(q +1) A< g=< N —1):

Jnalx(g)]=min{L[x(g).u(q)]
+ Jn-ga[x(g +D]}

IMocnennee COOTHOIIEHUE SIBISIETCS
YaCTHBIM BapUaHTOM ypaBHEHUs bemimana.

IIpumennM 5T 0a30BBIE COOTHONIEHUS K
PELICHHIO CTaHAAPTHOM HENPEPhIBHOW 3aJauH.

lpumep pacyema Ona  3adayu
onmumarsibHO20 yrnpaesieHusl.

[Tycts TpaekTopust 00beKTa yrpaBieHUs X(t)
YJ/IOBIIETBOPSIET YPABHEHHIO X = —x + bx .
HeoOxomnmo  ompenennTe MHHHMAIBHOE

3HaueHHE QyHKIMOHAIA
t1

(nx? + x)dt
to

npu ycioBusax t0=5, t1=7, x(t0)=0, x(t1)=1,
n=6, b=3.
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Yucno 1maroB JUCKpeTH3alMU
paBHBIM §.

IIpsmMass u peKypcUBHBIE
peanu3alnyy NpeAcTaBIeHbl Ha puc.2.

ITomguepkHeMm, 4YTO JIOCTOMHCTBOM
PEKYPCHUBHOHN peallu3allvy SIBISIETCS HEU3MEHSAEMBIN
IpOTpaMMHBIA KOJ IpU HM3MEHEHUHM 4YHCa IIaroB
JUCKpPETH3aIMH.

BO3bMCM

MpOTpaMMHBIE

3adaya onmumanbHo20 pacrnpedesieHus
pecypcoe

Ilycte  wMeeTcs  HEKOTOpPOE  KOJIHYECTBO
pecypcoB X, KOTOpOE HEOOXOJMMO pacIpelesuTh
Mexay N paziuyHbIMH MEPONPHUSATHIMH, (UpMamu,
00beKTaMu, U T. 1. TAKAM 00pa3oM, 4TOOBI MOJYUYHUTh
MaKCUMaJIbHYI0 3(()EeKTHBHOCTL OT BBIOPAHHOTO
crocoba pacnpe/eneHus.

[Tpumem  crexyronue 0003HaYEHHUS: X
KOJIMYECTBO pecypcos, BBIICIICHHBIX i-My
HPEIIPHATHIO,

Ri(x)) - »or0 dynkuua s¢pdexTUBHOCTH
HCIIOJIB30BAHMUS PECypca X; j-M MEpPOIPHATHEM;

fi(x)- KPUTEPHA 3¢ PEKTHBHOCTH

WCIIONb30BaHUSl X-€JIMHHI] PECYPCOB
Ppa3sIUYHBEIMHA MEPOTIPUATHIMU.

IToctpoum MareMaTHYeCKyl0O MOJETh OTOU
ONTUMM3ALIMOHHOM 3aJ1a4H:

MEPBBIMU |

Fy(x)=max}’ Rj(x;)
NpH YCIOBHH , UTO ) X=X, X;>0, j=1,n

MOHO TOKa3aTh, 94TO
Fi(x)=R(x),
Fj(x)=max (Rj(z\)+F.i(x-2)),j=2,n

Tem camMbIM MBI TOJNYYWJIN PEKypPEHTHBIE
(hyHKIIMOHATBHBIE ypaBHeHN bennmana .

Paccmotpum KOHKPETHYIO 3ajauy o
pacrpe/ieIeHUIO CPEICTB MEXKAY MEPOIPUATHIMH.

lMpumep pacyema ons 3adayu
onmumanbHO20 pacripedesieHusl pecypcos.

Coser JIMPEKTOPOB paccmarpuBaer
MPE/UIOKEHHST IO 4 MEPONIPUSATHAM JUIsl YBEITHUCHUS
MIPOU3BOIUTEILHOCTH TPY/Ia.

g yBenmueHMs NPOU3BOAUTEIBLHOCTU Tpyla
COBET TUPEKTOPOB BBIACIACT CpeacTBa B o0reme 150
y.e. C JHCKPETHOCThIO 25 y.e. IloBbrmenue
IMPOU3BOAUTCILHOCTH Tpyaa 3aBUCHUT oT
BBIJIETICHHOW CyMMBI Ha Ka)XJ0€ MEpOINpHsTHe. JTH
XapaKTepUCTHUKH MPECTaBICHBI B Ta0m. 1.

Haiitu  pacnpeneneHue  CpeAcTB  MEXIy
MEpOIIPUATUSIMH, O0ECIIeUNBAIONIEe MaKCUMabHBIN
NPUPOCT TPOU3BOJUTEIBHOCTH TPYyJa, IPHUYEM Ha
OJTHO MEpOIPUSATHE MOXKHO BBIJCIATH HE Oosee
OJTHOTO  BJOKEHMs. PexkypcuBHOE IporpammHas
peanuzaiys npecTaBieHa Ha puc.3

Tabmuna 1.XapakTepucTUKH pacnpeieneHui

Meponpusitust | O0beM BIOKEHUH Z BY.e.
25 150 | 75| 100 | 125 | 150

Meponpusitue | S |9 | 18 |22 [ 29 |39

1

Ri(%)
Meponpustue | 7 | 12| 15|20 |34 | 37

2

Ry(%)
Mepompusarne | 11 | 20 | 23 | 26 |32 | 37

3

R3(x)
Mepompusitue | 6 | 15| 24 | 30 | 36 | 38

4

R4(x)

3adaya onmumanbHOlU  cmpameauu
3amMeHbl obopydoeaHusi u ee
Mamemamud4eckasi modesib

[IpoGmema  3akmroyaeTrcsi B~ MOCTPOCHHH
ONTHMAJIBHOH CTpaTerMd TPH  3aMEHE  CTapbIxX
YCTPOMCTB TEXHOJIOTHYECKOTO OOOpYZOBaHUS Ha
HoBele.  Crapoe  oOopynoBaHHe BBI3BIBACT

YBEJIIMYCHUE 3aTPaT HA €ro PEMOHT U 00CITy)KHBaHHE,
9TO o0ycaBIuBaeT MTOHMKECHNE ero
MIPOU3BOIUTEIHLHOCTH.  ECTECTBEHHO  BO3HHKAeT
HE00X0IMMOCTh JIMHAMHYECKU OTCIIS)KUBATh
BPEMEHHONH MOMEHT , KOrja crapoe 000pyaoBaHHE
HY»KHO 3aMEHHUTh HOBBIM C BO3MOXKHOCTBIO ITPOJIAKH
TIEPBOTO.

Omnpenernenne ONITUMAITEHBIX BPEMEHHBIX
MOMEHTOB 3aMEHBI 00OPYIOBAaHHS COCTABIIIOT CYTh
MpoOJIeMbl  ONTUMANFHONW — CTpaTeTruu 3aMEHBI
00opyIoBaHUsI.

B pomu kpuTepust ONTUMANBEHOCTH TP PEIICHIH
9TOH  MPOOIEMBI B TEUCHHE OIPEICIICHHOTO
BPEMEHHOI'0 HHTEPBaJa MOXET BBICTYIIATh

l)mMmakcumMy™m  TpHOBIIM  OT  AKCIUTyaTaluu
obopymoBaHus,

2) MUHMMYM OOMIMX 3aTpaT Ha HKCIUTyaTaIlHio,
TIOJIIeKATITIE MUHIMU3AIIHH.

Bgenewm cienyromune 0003HaueHHS :

t-JIMCKPETHBI MOMEHT BPEMCHU,

r(t)- cTOMMOCTH MPOJIYKIMH, MPOU3BOJAUMON 3a
OJIVH TOJI Ha €JMHUIIe 000pPYy10BaHMs BO3pacTa t JIeT,

u(t)- exeroIHpIC 3aTPAThl HA 00CITYy)KUBAHHE U

s(t) -ocraTouHas CTOMMOCTb O0OOpPYZOBaHUS
BO3pacTa JIeT;

P - TOKyIHAs IIeHa 000PYIOBaAHHUS.

PaccmotpuM mepuwon n JeT, B Ipenenax
KOTOPOT'O TPEOYETCs ONPEIEIUTh ONTUMAIIbHBIH [IHKIT
3aMeHBI 000pyTOBAHUS.

0O603naunM vepe3 F,(t) MakCUMaTbHBIA TOXOII,
MoJydaeMbli OT 00OpyHOBaHUs BO3pacTa t JeT 3a
ocraBmIMecss N JIET  IHUKJIAa  HMCHOJb30BaHUS
000py10BaHUsI IPU YCIOBUH ONITUMAIIbHOM
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mininize[{g (buO2 + (nxl2 4u12) 4 (nx22 +u22) + (nx32 +u32) 4 (nxll2 *u42) + (nx52 +u52) + (nxﬁ2 +u62) + (nx’i2 +u72)),

x1-Abu0=0,

x2-(1-4)x1-Abul=0,

x3-(1-4)x2-abu2=0,

x4-(1-4)x3-4Abu3 =0,

x5-(1-4)x4-4abud =0,

x6-(1-4)x5-AbuS=0,

x7-(1-4)x6-Abu6=0,

1-(1-4)x7-4abu7=0

}, {x1, x2, x3, x4, x5, x6, x7, u0, ul, u2, u3, u4, u5, v, u7}

-‘;0.141675, -j:xl +6.63382x10™%, x2 5 1.16589x1077, x3 - 1.66934x10°¢, x4 » 0.0000238801, x5 - 0.000341608,
X6 -+ 0.00488673, x7 » 0.0699052, u0 - 5.89673x10™, ul - 9.99495x10°°, u2 » 1.41908x10"%, u3 - 0.0000202994, ud - 0.000:

uS -+ 0.00415398, ué - 0.0594231, u7 - 0.850053}}

Pucynox 2a-IIpsmoe pemenne 3agaqu ONTHMAIBHOTO YIIPABICHUS, KaK 33add MaTeMaTHIECKOTO
MIPOTPaMMHUPOBAHHUS.

tl-tL'l_
—
t1-t0
x[ B ] =1
x[0] :=0
x[i ] :i=(l-a)x[i-1]+abul[i-1]
x[K] - (1-a) x[K-1] ]

u[K-1] = = :

S[K] =0;

S[k ] := 2 (n (x[x1)? + (u[xk1)?) +S[k+1]
2

For[i=K-2,1=0,1--,u[i] = Minimize[5[i], {u[i]}][[2, 1, 2]]1]

H[S[0]]

Grid[{Table[u;, {1, 0, K -1}], Table[N[u[i]], {i, 0, K-1}]}]
0.141675

Up 3 Uz Ug g Usg Ug U7
7.21581%107% 9.92173x%107% 1.41903%10°% 0.0000202994 0.000290385 0.00415398 0.0594231 0.850053

Pucynox 26-PexypcuBHOE pelIeHHe 3a1auy ONTHMAIBHOTO YIPaBICHHUS, KaK 33/1a4¥ MaTeMaTHUECKOTO
MPOTpaMMUPOBAHHUS.
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CTpaTeruH. Bospacr o0opyoBaHus
OTCUMTBHIBACTCS B HANpPaBJICHUU TEUYCHHUS IpoIecca.
Cunraem, uto t=0 COOTBETCTBYET BapHaHTY
HCIIOJIB30BaHUS HOBOTO 000Dy JOBAaHUS.

BpemeHHble JTambl mponecca HyMEpYIOTCS B
0o0paTHOM HAaNpaBJICHHH II0 OTHOLICHHIO K XOXIy
mporecca M HyMepauus K JTamoB M t-BO3pacT
00opyI0BaHuUs TpeIcTaBieHa B Tab.2.

Tabmuua 2.Hymepanust 3TamnoB 1 Bo3pacTta

obopynoBaHus
Otanbl- k n n-1 | n2 | .. 1 0
Bo3zpacr-t 0 1 2 t-1 |t
0bopynoBaHus

Ha xaxmom »srane k=1,. n  HeoOX0aMMO
MIPUHATH PelICHUE MO 3aMeHe 000pyJOBAHUS.

Kpurepuem JULSt pereHus SIBIISICTCS
MaKCHMH3anusl MPUOBIIH.

@DyHKINOHAIBHBIE YPAaBHECHUS, OCHOBaHHBIC Ha
MPUHIUIIE ONTHMAILHOCTH, UMCIOT BHI:

Si®)=max(r(t)-u(t),s(t)-p+r(0)-u(0)) &)
S®=max(r()-u@®)+f(t+1),5(t)-p+r(0)-u(0)) (2)

P K=2,..,1

VYpaBHenue (1) oOmUCHIBAET  OJHOITAIHBIN
MpoLIecC, a ypaBHeHHe (2) Mpolecc ¢ n- dTanamu.

O06a ypaBHEHHUS COCTOAT U3 JIBYX YacTel: mepBas
4acTh  OIpENeNsseT JOXOJ, MOJy4aeMbld  TpHu
COXpaHCHHU 000PYIOBaHHS; BTOPAs 9aCTh — JOXOJI,
MOJTy9aeMBIi TIPU 3aMeHE 000pYI0BaHUS Ha HOBOE.

B ypaBHeHum (2) ¢ymkmus r(t)-u(t) ecTh
pPa3HOCTh MEKOY CTOMMOCTBIO  IPOU3BEACHHOU
MPOAYKIIMH U AKCIUTYaTallMOHHBIMU H3JIEPXKKAMU Ha
k —M aTame nporecca.

Oynknust Fi(t+1) xapaktepusyeTr cyMMapHYyIo
npubsI 0T ocTaBmmxcs k-1 stamoB  mms
0o0opyIOBaHUs, BO3pacT KOTOPOTO B  Havaie
peanu3anuy ITUX 3TANOB cocTaBisAeT t+1 jer. Bropas
4acTh (2) SKCIUIMIMPYETCSl CIIEIYIONMM 00pa3oM:
OHa ONpEJICNSCT YHCThIC W3ICPKKUA 10 3aMEHE
o0opynoBaHus, BO3pacT KoToporo t yiet. OyHKuus
r(0) ompenenseT A0XOJ, MOJy4aeMbli OT HOBOIO
obopynoBanusi Bo3pacta 0 ner. Ilpemmonaraem
MTHOBCHHBIM Tepexo]] OT paboThl Ha 000PYIOBAHUU
BO3pacTa t JIeT K paboTe Ha HOBOM 000py/JOBaHUH.

Oyuknus F, ((t+1) npencrasisier co6oi 10X0T
ot octaBmmxcst k-1 artanos (Fy(t)=0) , mo nagama
BBITIOJTHEHMSI  KOTOPBIX ~ BO3pacT  00OpyJAOBaHUs
COCTaBIISIET OJWH TOJA. AHAJIOTHYHAS IKCILTUKAIUS
JUIA ypaBHEHHS JJIs1 OJHOITAITHOTO TIpoIecca, HO B
9TOM cilydae HeT ciaraeMoro Buna Fy(t+1) , Tak kak
k npunumaer 3Hauenue 1, 2,..., n.

PaccmatpuBaemble  ypaBHeHus (1) u  (2)
SBIISTIOTCSI  PEKYPPECHTHBIMH  (DYHKIIMOHAIBHBIMU
YPaBHEHUSIMHM, KOTOpBIE MO3BOJIIOT OMPEICIHUTh
BenmunHy Fi(t) B 3aBucumoctu OT Fi j(t+1)

lMpumep pacyema 3adavyu onmumasibHOU
3aMeHblI obopydoeaHusi

Omnpenenutey  ONTHMAIBHBIH MK 3aMEHbI
000pyIOBaHUS MPU CIETYIOUIMX HMCXOIHBIX TaHHBIX
p=0,s(t)=0, f(t)= r(t)-u(t). OcranapHBIC TaHHEIC,
HEOOXOoAMMBIE  JUIA  pacdeTa  ONpENeNeHBl B
PEKypCHBHOM NPOrpaMMHOM  peanu3anusi, KoTopas
mpeacTaBicHa Ha puc.4.

Bbi1600blI

HeoOxoauMo  HOAYEpPKHYTb,  YTO  METOX
JUHAMUYECKOTO IPOrpaMMMPOBAHUS IpeIojaraet
CBOE NPHUMEHEHHE B YCJIOBUSAX HEONPEAEICHHOCTH
JUI1 MCCIIEJOBAaHUs U PELICHUs 3a7ad ONTUMAIbHOIO
YIpaBJIeHUS IPOLECCAMH.

Ecimu cuntath, 4TO yCIIOBHS HEONPENEIEHHOCTH
UMEIOT CIIy4aliHyl0 TIpHpPOAY, TO HEOOXOIMMO
UCTIONB30BaTh METOABl TEOPUU BEPOSTHOCTH U
CITydaifHBIX TPOLIECCOB IS ONTUMM3ALUHU IIPOIIECCOB
ynpasieHus. Ecnu ke HeonpeIeneHHOCTh CBsI3aHa ¢
AKTUBHBIM LIEJICHAIIPABIICHHON pEaKLued BHEIIHEH
cpensl, TO HEOOXOIUMO NMPUMEHATh METOJBI TEOpUHU
urp. IlocnegHue MBI HCIONB3YyEM M B cllydae, KOrja
HEo0X0ANMO obecrieunThb rapaHTHPOBaHHBIN
pe3ynbTaT 1MOO OTCeYb BapHaHTHl PpeaTH3aALUH
XYJIINX HEYNPaBIsEMbIX BO3ICHCTBHM.

MeToabl AMHAMHYECKOTO HPOrpaMMUPOBAHUS
TaKXKE  4YacTO MPUMEHAIOT AN MOCTPOCHHS
ONTUMAIIBHBIX aJIITOPUTMOB OIpeIeNIEeHUs
HKCTPEMYMOB U KOpHEH (GyHKIUH.

OpHaKo HapsLy ¢ YHHBEPCATbHOCTBIO U MaJIbIM
00beMOM  MPOTPAaMMHOTO KoJa (XOTs IJI0XO
MOHMMAeMOro M TPYIHO pa3pabaThiBaeMOro BO
MHOTHX CIIy4asix) €CTh OIpeAeICHHbIC HEIOCTATKH.

B mepByro odepens MOXHO yKa3aTh, YTO METOJ
JUHAMUYECKOTO IPOrPaMMHPOBAHUS SIBISETCS B
CYIIHOCTH TPOCTHIM IepebOpoM  BCEBO3MOKHBIX
pEIeHNH, XOTs ¥ SKOHOMHBIM BBHIY HCIOJIb30BAHUS
YHUCICHHBIX pE3yJbTaTOB MpPEAbIIYNIMX 3Tana Ha
TekymeM. [losTomy OBICTPBII pOCT BapHaHTOB
penieHust 00yclaBIMBaeT BaKHOCTh HEHTpaIHM3aliu
OPOKIATHS ~ pPa3MEpHOCTH,  YTO  MOJYEPKUBAI
P.bennman.

Jis 3TOTO BO3MOXHBI CIIEIYIOIINE OCHOBHEIC
MyTH:
1) CymecTBEHHO JKEPTBOBAaTh TOYHOCTBHIO
BBIUHCIICHUM;

2) ompenemnsaTh NPUOIMKEHHBIE YHPaBIISIONINE
BO3ZCUCTBUSL M  COOTBETCTBYIOIIUE TPACKTOPHUHU
o0beKTa YIpaBIEHHS, KOTOpbIE OYAYT SIBISTHCS
I00aIbHO ONTHMAIIBHBIMM 110 OTHOIIEHUIO K MaJIbIM

(J1oKaBbHBIM) BapuanusIM HaXOIUMBIX
NPUOITMKESHUH.
MHOTOYHCIIEHHBIE  NPUMEPHl  [IPOrPaMMHBIX

peammzanmii o6pasioB npumeHenwnss MJIIT Ha si3pIkax
C, Java, a Takke B makerax Mathlab, Maple
npencrasieHs! B [10-13].
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X =150;
d=25;
n=4;

dom = Table[di, {i,1, x/d}):

5 9 18 22 29 39

vo|7 121520 34 37|
|11 20 23 26 32 37|’

6 15 24 30 36 38

Do[(Do[R[1, d 2] =V[[1, 2]], {2z, 1, Length[V([[1]]]}], {1, 1, n}]

F(ji_, 0] :={0, 0}

F(1, x ) :={R[1, x], x}

F(1, 0) := {0, 0}

F[{J_, x ] := SortBy[Table[Join[{R[J, z) +F[7-1, x-2][[1]])}, F[J-1, x-2][[2::]]),

{z}], {z, Select[dom, #<=x &]}], -#([[1]] &] [(1])]
res = F(n, x);

Print("3¢pextienocTs: ", res((1]]):

Por(i =2, i s Length[res], i++, Print["MeporpusiTiee ", i-1, ": ", res([i])]]):

ddexusnocts: Sl
Meponpuatue 1: 0
MeponpuaTue 2: 25
Meponpuamue 3: S0
MeponpuaTue 4: 75

Pucynoxk 3-PexypcuBHas peanu3ainust 3a1a4y ONTHMAIBHOTO YIIPABICHUS PECYpPCAMH.
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n[12]= p = 11;
n=T7;
0O 1 2 3 4 5 6 t
s 12 10 8 6 5 4 3 r[t
MEY=lo 011122/ “lart
12 106 4 3 2 1 L=t
f[t ] =0:

For[i=1, i < Length([v[[1]]], 1++,

flwll1, 1111
s[vl[1, 1]1]]
]

v[[2, 1]1] -v[[3, 1]]~
v[[4, 1]1]:

In17]:

flk , £ 1 :=Max[f[t] + £[k-1, t+1], -p+£[0] + £[k-1, 1]]

f[1, € ] :=Max[f[C], -p+£[0]]

result = Table[Table[f[k, t], {t, 0, n}], {k, 1, n}]:

In{15]):

Print[Grid[re=sult]]

1210 7 5 4 2 1 1
22 17 12 11 11 11 11 11
29 22 18 18 18 18 18 18
34 28 25 23 23 23 23 E3
40 35 30 2% 29 29 23 239
47 40 36 36 36 36 36 36
52 48 43 41 41 41 41 41

nfz1]= For[i=1, i £n && result[[n, i]] > -p+ £[0] +f[n-1, 1], 1++, 0]

Print ["OnTrManeHEDT Tof SaMeHH obopymoBamma - ", 1-1]

ONTHMANBHHI TOoI 3aMeHH obopymoBaHME - 3

Pucynok 4-PexypcuBHas peann3amus 3a1a4y ONTUMAIBHON 3aMEeHbI 000pyIOBaHNS.
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Anopioxun A.IL Ilonemaes B.A. Pexypcueni peanizauyii 3a60anb OUHAMINHO20 RPOZPAMYBAHHA. B pobomi posensinymi
pexypcueni  peanizayii  @i0oMux 3a0day GUPIUYIOMbCA 3a O00NOMO20I0 Memoody OUHAMIYHO20 NPOSPAMYBAHHSL.
Ilpeocmasneni 3a60anHs ONMUMANLHO20 YNPAGNIHHA, 3A60AHHA ONMUMAILHO20 PO3NOOINY pecypcis, 3a80aHHs
onmumanvbHoi 3aminu obnaonanus. Hasedeno zazcanvhuil aneopumm eupiuienHs 3a0ay OUHAMIMHOZO NPOSPAMYEAHHSL.
Braszani nepesazu i nedoniku 3acmocysanus npunyuny benimana i pexypcii 6 npoepamuux peanizayisx. Hagedeno
pesyromamu  Komn'tomepuux — pacyemos. B pospaxymkax  euxopucmosysasca  naxkem  Mathematica.

Knrouosi cnosa: ounamiune npoepamyeanus, npunyun beinimana, pexypcis.

Andruckin A.L, Poletaev V.A. Recursive implementation of dynamic programming problems. The paper discusses the
recursive implementation of the known problems that can be solved using dynamic programming method. The optimal
control problem, the problem of optimal allocation of resources, the problem of optimal replacement equipment are
presented. General algorithm for solving dynamic programming problems presented. Advantages and disadvantages of
the application of the principle of Bellman and recursion are discussed in software implementations. Computing results
are shown. Mathematica package was used in the calculations.

Key words: dynamic programming, Bellman principle, recursion.
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